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Abstract

A Bayesian approach to distinguishing between nonlinear and unit root behavior offers
several practical advantages over equivalent frequentist procedures. Foremost among these
advantages is the simplicity of the test. This paper compares the small sample power and size
properties of a joint Bayesian test for a unit root and a threshold effect with Caner and
Hansen's (2001) frequentist strategy. The results from Monte Carlo experiments indicate that

the simpler Bayesian test performs at least as well as Caner and Hansen's procedure.



1 Introduction

This paper presents a simple Bayesian approach to jointly testing for nonlinear and
nonstationary behavior in time series data. It is motivated by a growing body of evidence
to suggest that many important macroeconomic variables which are commonly found to
be nonstationary, such as real GDP growth and the unemployment rate, may also exhibit

! The Bayesian test is a simpler alternative to a similar test developed

nonlinear behavior.
by Caner and Hansen (2001).

It is by now well known that parameter instability can matter a great deal when
testing for unit roots. Perron (1989), for example, has noted that standard tests—such
as the augmented Dickey-Fuller (ADF) and Phillips-Perron tests—have reduced power
against stationary alternatives when there are breaks or switches in either the growth rate
or the level of the data generating process (DGP).? However, unit root tests are usually
conducted under the assumption that the DGP has a constant dynamic structure.

The irregular and complex nature of the testing problem possibly explains why
practitioners rarely jointly test for nonlinear and non-stationary behavior in economic
time series. As noted by Caner and Hansen (2001) standard Wald tests for nonlinearity
have nonstandard asymptotic null distributions when unit roots are present in the DGP.
This arises both from the presence of a nuisance parameter which is not identified
under the null hypothesis—sometimes known as Davies’s (1977) problem—and from
discontinuities in the likelihood function associated with unit root processes.

This paper focuses on threshold nonlinearity, although the results can easily be
extended to other nonlinear structures such as Markov Switching. Threshold models
are, in their simplest form, piece-wise regression models with parameters that switch
according to the value of a threshold variable. The threshold variable may be exogenous
or some [unction of the dependent variable, as is the case for Tong’s (1978) the self-
exciting threshold autoregression.

The most commonly applied approach to jointly testing for unit roots and threshold

1See Koop and Potter (19990) for a review of nonlinearity in macreconomic time series.
2See Dickey and Fuller (1981) and Phillips and Perron (1988).



effects was developed Caner and Hansen (2001). To overcome the theoretical difficulties
associated with the testing problem, Caner and Hansen proposed a sequential testing
strategy. This strategy involved first testing for a threshold effect when a unit root may
be present and then testing for a unit root against the stationary, unit root and partial
unit root alternatives. Critical values of their test statistics were obtained via a bootstrap
procedure based on an asymptotic theory which they developed. This testing strategy
has been adopted in applied work by Aretis, Cipollini and Fattouh (2002), Bec, Salem
and MacDonald (2002), Henry and Shields (2004) and Basci and Caner (2005).

An equivalent test is relatively simple within the Bayesian framework. As described
by Koop and Potter (1999a) the Bayesian approach is able to circumvent Davies’ problem
by adopting an informative prior for the threshold parameter. This makes it possible to
average over all observable values of the threshold to find and compare the marginal
likelihoods associated with the linear and threshold specifications. Furthermore, pre-
testing biases are avoided as the Bayesian approach allows the practitioner to jointly test
for unit roots and threshold effects.

The benefits of taking the Bayesian approach to inference are the motivation for the
development of a simple and efficient Bayesian procedure to jointly test for a threshold
effect and a unit root in a univariate time series. This test is based upon Bayesian tests
for non-linearity outlined by Koop and Potter (1999a) and is closely related to Bayesian
tests for unit roots in the presence of structural change developed by Phillips and Zivot
(1994) and Marriot and Newbold (2000). Analytical results are available due to the
use of a natural conjugate prior. This provides large gains to computational efficiency
over Caner and Hansen’s (2001) procedure. The performance of the test is benchmarked
against the Caner and Hansen’s testing strategy via a set of Monte Carlo experiments

and by application to the male unemployment rate in the United States.



2 The testing problem

Caner and Hansen (2001) consider the following self-exciting threshold autoregression of

order k (SETAR(k)):

k
py+ Bit+ prye1 + 20 Ay g e if Zpa < A
Ay, = jk:l (1)
Yo + Bol 4+ poty—1 + Y Ay +e i Z oy 2 A
=1

Here 7, 1 is the threshold variable constructed from lagged values of the data }N/T =
{y:}I_ . | and the threshold A is unknown. Caner and Hansen specify the threshold
variable to be Z; = y; — 4y, for some m = 1. However, they note that the definition of
/¢ 1s not central to the analysis and that their results extend to any strictly stationary
and ergodic Z; which is pre-determined and has a continuous distribution.

Define 0; = [u;, p;, B;, ] to be the 1 X n vector of the parameters for alternative
threshold values i € {1,2} and 2, = [1,t,4 1, Ay 1,..., Ay, 1]. Also define ¥ =
[01,05,0]. Assuming independently, identically distributed Gaussian disturbances e; ~

i.i.d.N (0,0?) the likelihood function associated with (1) for a given observation ¢ is

1 <<Ayt - let[{zt,ld} - 92517t]{zt,1 >/\}>2>
exp .

Tt (?Jt’yffﬁ v, )\> = 902

2mo?

Here y¥ | =y 1,..., ¥ 1 and Iy is a binary indicator function taking on the value
1 if the identity {-} is true and 0 otherwise. For data series Yr the likelihood function

assoclated with (1) 18

fr YT7‘11 A) Hft Yelyt1; @

The series }N/T follows a threshold process if 6, # 65 and may have a unit root in
either regime if p; = 0 or p, = 0. When testing for a threshold effect the relevant null

hypothesis is that of a linear autoregression

H() . @1 = @2 (2>



with the alternative

Hl : 81 7£ 82. (3>

Let Wy denote the parameter vector ¥ under the null hypothesis. It is easy to see
that the likelihood function under the null hypothesis is independent of the threshold
parameter A so that fT(}N/T;\IJO,)\) = fT(}N/T; Uy). This is known as “Davies’s (1977)
problem”. Davies noted that when a nuisance parameter is unidentified under the
null hypotheses a consistent estimator of the nuisance parameter will not exist and the
distributions of the usual test statistics—such as the Wald (W7) Lagrange multiplier
(LMr) and likelihood ratio (LRr) test statistics—will be non-standard. Furthermore, as
described by Andrews and Ploberger (1994), Davies’ problem places these test statistics
outside the domain of standard asymptotic optimality results.

Andrews and Ploberger (1994) consider the problem of optimal testing when a
nuisance parameter is unidentified under the null hypothesis against local alternatives of
the form fr <\IJO + B;1h> for some h € R and some nonrandom diagonal matrix B. They
show that for particular integrable weighting functions @,(h) on values of h and a chosen
weight function J () on values of a nuisance parameter A, optimal tests of will be of the

form

1 ¢

Exp-Mp = (14¢) "/? =
zp-Mr = (1 +¢) /eXp<21+c

M()\)> dJ (N). (4)

Here M (M) is one of the standard Wy, LMy or LRy test statistics given A, and ¢ > 0
is a scalar constant depending on the weight functions @Q,(-). Andrews and Ploberger
show that tests of this form will be optimal in the sense of having the greatest average
weighted power over all tests ¢ of asymptotic level a. That is, they are the class of tests

that maximize

lim [ Pr(¢p rejects Ho |[Uo + Br'h , A) dQa(h)dJ (N),

T—o0

where lim 1is the average lim .

T— oo T— o0

Despite Andrews and Ploberger’s (1994) optimality result, Hansen’s (1996) Sup-Wald



test is the dominant approach to testing for non-linearity.® This is possibly because
Andrews and Ploberger do not discuss how critical values for the Exp-Mr test statistic
should be obtained.

Mansen (1996) developed a solution to Davies’ problem which approximated asymptotically
correct critical values for the null hypothesis by bootstrapping the data under the
assumption that (1) is a stationary process. For the testing problem described by (2) and

(3) Hansen’s Sup-Wald statistic is
supWr (A) =T —
AeA &2 ( )\)

Here 32(X) is an unrestricted estimate of the residual variance from (1) conditional upon

~1. (5)

the estimated value of the threshold A and ¢ is an estimate of the residual variance under
the null hypothesis. The least squares estimate of the threshold variable ) is obtained
as the value of A that minimizes a2 (A\). In turn o2 (A) is a vector of estimates of o2
for alternative vales of the threshold variable, obtained by sequential least squares over
observed values of the threshold variable.

If a unit root is present in (1) then the asymptotic distribution of (5) will be
discontinuous in the parameters at the boundary p = 0 and the bootstrap distribution
of (5) will no longer be consistent.* To address this problem Caner and Hansen (2001)
augmented Hansen’s (1996) procedure to allow for a unit root in (1) by imposing a
unit root on the bootstrap in order to locate the correct asymptotic distribution for this
case. They show that the constrained bootstrap will be first order correct under the null
hypothesis of a linear model (2) if the DGP has a unit root, but incorrect otherwise. As
the order of integration of the DGP is usually unknown, Caner and Hansen advise that
prudence be applied in the implementation of their test. They suggest that the p-values
be bootstrapped with and without a unit root, with inference based on the larger, more

conservative p-value.

3Hansen (1996) demonstrates that the Sup-Wald test has near optimal power against distant
alternatives.
*Caner and Hansen (2001), p.1564.



Caner and Hansen (2001) also to developed a theory of inference for the complementary
case of testing for a unit root when a threshold effect may be present. The relevant null

hypothesis in this case is

Ho : py=py =0. (6>

How the alternative hypothesis of a stationary process should be formulated is less
obvious. This is because the region of the parameter space for which SET AR models will
be stationary and ergodic is not well understood. Chan and Tong (1985) show that when
k = 1, the stationarity of the process depends upon the p, parameters. In particular they

demonstrate that the necessary and suflicient conditions for the stationarity of (1) are

p1<0,py <Oand (1+p)(1+p,) <1

However, Chan and Tong note that there are no general conditions for the geometrical
ergodicity of higher-order models.” Based on this analysis the first alternative hypothesis

proposed by Caner and Hansen (2001) is that }N/T is stationary and ergodic:
Hiy:py <0 and py, <O0. (7)

and the second alternative is the partial unit root hypothesis:

p1 <0 and p, =0.
H2 : or (8>

In order to distinguish between hypotheses (7) and (8), Caner and Hansen (2001)

propose two test statistics. The first is the two-sided Wald statistic from the least squares

5Chen and Tsay (1991) show that the dynamic properties of (1) are also dependent upon m. In
addition to the conditions of Chan and Tong (1985) (1) must also satis{y

(L4 p)" ™ (14 pp)" ™ < Land (14 p)"™ (14 pp)*"™ <1

where t(m) and s(m) are nonnegative integers depending on m and odd and even numbers.



estimates of (1). The second is the sum of the standard test of the null hypothesis of a

stationary process in each regime against the unrestricted alternative p; = 0 or p, = O:

Ror =t + 2.

Here t; and ¢y are the ¢ ratios of the OLS estimates of p; and p,. Caner and Hansen
note that as the two alternative hypotheses are one-sided, this two-sided version of the
test may have less power than the one sided test. Given that it is unclear how to form
an optimal one-sided test when unit roots may be present,® Caner and Hansen suggest
that a one-sided Wald test focusing on negative values of the OLS estimates of p; and p,

should also be considered:

Rip = 6}1(5,<0y + 1315, <0-

Rejection of (6) gives no indication of whether Hy or Hj is more likely. To overcome
this difficultly Caner and Hansen (2001) suggest that ¢;and ¢5 be examined individually
as tests of the stationary alternative H;. The significance of only one of the ¢ statistics
would be consistent with the partial unit root hypothesis H,.

In order to conduct these tests, sampling distributions of the tests under the null
hypothesis Hy are required. Caner and Hansen (2001) show that the asymptotic
distributions of the test statistics for Hy are different depending on whether or not there
is a threshold effect in the DGP. This is because the null hypothesis of a unit root is
consistent with both #; = 05 and 0 # 6,5. Separate bootstrap procedures are therefore
required for each case. Caner and Hansen find the unidentified threshold model to be
slightly preferred in terms of size. Both the one sided and two sided tests are found to
have good power when compared with the standard ADF test. The one sided test Ryp
performs slightly better than the two sided test Rar.

Caner and Hansen’s (2001) approach provides some valuable advances in asymptotic

theory and has been extended to the analysis of threshold cointegration by Gouveia and

6See Elliot, Rothenberg and Stock (1996)



Rodrigues (2004). However there are several disadvantages associated with this approach.
As already noted, the test for a threshold effect is only nearly optimal, even when the DGP
is stationary. Furthermore, the procedure is analytically complex and computationally
expensive, while the sequential structure of the approach subjects it to a pretesting bias.
Finally, Caner and Hansen’s testing procedure is not easily generalizable to alternative

nonlinear specifications, such as Markov switching processes.

3 Bayesian analysis

There is a clear correspondence between the Bayesian approach to inference when a
nuisance parameter is unidentified under the null hypothesis and the approach of Andrews
and Ploberger (1994). In fact Andrews and Ploberger aflirm that their Fxp-Mr test
statistic (4) may be given a Bayesian interpretation if the weight functions J(A) and
(), are interpreted as priors. They argue that their approach is preferred, however,
as 1t avoids the necessity of placing a prior on the nuisance parameter under the null
hypothesis. They also argue that their approach is computationally more efficient.

Bayesian methods can be computationally complex when a closed-form solution to
the posterior distributions of the model parameters does not exist or when the posterior
distributions are not known. This is usually the case for more complex nonlinear
specifications, such as Markov switching models, which must be estimated using numerical
methods of integration. However, these methods are arguably no more complex than
the bootstrapping techniques proposed by Hansen (1996) and Caner and Hansen (2001).
Furthermore, as will be outlined in the following section of this paper, analytical solutions
to the posterior distribution can be found for model (1) when normal, natural conjugate
priors are adopted. Under these priors the Bayesian approach to testing for non-linearity
will be asymptotically equivalent to Andrews and Ploberger’s optimal Exp-Mp test
statistic.

Andrews and Ploberger (1994) also note that Bayesian posterior odds ratios are

asymptotically equivalent to the Fxp-LMr test, but do not describe why, or elucidate



the conditions under which this will be true. This result follows from Andrews (1994).
Adopting Andrew’s notation, let 7 € (0,1) denote the prior probability assigned to the
null hypothesis, and let (), denote the prior distribution function for the data. Define
u (+) to be a probability distribution on R = {r € R: r > 0} that depends on the prior
(), and let g (-) be a function for k € R. The following strictly increasing function of

M =Wy, LMy or LRy can be defined:

PO (M, ) = - — /exp <_77"2> g (Mr?) dp () .

The posterior odds statistic associated with the null and alternative hypotheses will be

_ 1= ~1/2 Q. (h)
PO Q) =" /fT(\IJO+T B

Andrews (1994) shows that if the priors and the data satisfy certain regularity

conditions, then under both the null (2) and the alternative (3)
POr(Q,) = PO (My, 1) = 0. 9)

Andrews notes that one prior which satisfies these conditions is the multivariate normal
distribution with a variance proportional to a scalar, ¢: @, ~ N (0,cX). Andrews shows

that if this is the case then p, = 1/cx? and

1—m n 1 ¢
PO (M, ) :T(l—l—c) /Qexp l2(1+C)M1

for the two sided testing case where n > 1. This is Andrews and Ploberger’s Exp-Myp
statistic (4) for J (A\) equal to a point mass at A\g and 7 = %

More generally, if we define

PO (Q,A) = 1;7T//fT (W + 720, ) dQl}(Thg\Ijloz;(A)




and

1= “n/2 1 e
PO<M7:U’7)‘)_ T <1+C) /expl2<1+c)

M ()\)1 dJ (\)

then because (9) will hold for all points A € A, it follows that under the regularity

conditions outlined Andrews (1994) and for 7 = %

POr (QIM)‘) = PO (Malu’a)‘)

or

POy % Exp-LM;y. (10)

Recall that Andrews and Ploberger (1994) have shown the Exp-L My to be asymptotically
optimal when a nuisance parameter is unidentified under the null. The significance of
this result is that under certain regularity conditions and for particular class of priors,
the Bayesian POr test will be asymptotically equivalent to the optimal Ezp-L My test.
This suggests that the Bayesian approach to testing for threshold effects will be superior
to Hansen’s (1996) and Caner and Hansen’s (2001) approaches.

The Bayesian approach to testing for a unit root in the presence of non-linearity has
received relatively little attention. However, as discussed by Phillips and Zivot (1994)
for the case of unknown break points, Bayesian methods avoid a pretesting bias which
arises from the fact that the delay lag of the threshold parameter m is unknown and
must be estimated before tests can be conducted. Phillips and Zivot also emphasize that
the asymptotic distribution theory associated with these test statistics is complex and
often at odds with the corresponding finite sample distributions. Furthermore, Bayesian
techniques allow joint testing for non-linearity and unit roots through the comparison of
posterior model probabilities.

The correspondence between Bayesian and frequentist procedures for inference breaks
down when unit roots are present in the DGP. This was initially noted by Sims (1988), who
argued that a flat prior Bayesian approach to inference was simpler than the frequentist

approach, avoiding complications such as disjoint confidence regions or uncertainty

10



regarding the specification of the trend.”

Sims’s (1988) argument was largely based on the assertion that inference based on
the likelihood principle will be unchanged, even if the DGP is a random walk. The
likelihood principle, expressed simply, is that only observed sample outcomes are relevant
to statistical inference. As such, all information relevant for inference is contained in the
likelihood. Sims observed that the likelihood for the AR(1) model is normal, whether
or not the data are stationary. This point has been powerfully illustrated by Sims and
Uhlig (1991) and shown to be more generally applicable by Kim (1994, 1998). Kim
demonstrated that subject to a fairly general set of conditions, the shape of the likelihood
will be asymptotically normal.®

Kim’s (1998) result of asymptotic posterior normality is useful in the present context
because it carries the implication that the posterior probabilities involved in testing for
non-linearity will be unchanged whether or not there is a unit root in the DGP. In
contrast, the asymptotic properties of the alternative Fap-LMr and Sup-Wald statistics
under similar conditions are unknown. When a unit root is present, the second derivative
of the log of the likelihood function L (#) will be discontinuous. Furthermore, L” (0) will
no longer converge to a constant. These properties result in non-standard asymptotic
distributions of both the Exp-LMp and the Sup-Wald test statistics. It is therefore
unclear whether or not the Fap-L My test for a threshold effect will retain its optimality
properties under the null hypothesis of a unit root. In addition, a unit root in the DGP

will violate several of the regularity conditions required for (10) to hold. The Bayesian

"Differences between the classical and Bayesian approaches have been emphasized at an applied level
by DeJong and Whiteman (1991). These authors adopted a Bayesian flat prior methodology to revisit
Nelson and Plosser’s data set and found far less support for unit roots than standard classical tests had
previously suggested. In particular, they rejected the unit root hypothesis for stock-price data, dividend
data and U.S. real GNP.

As an aside, Phillips (1991) also noted that Bayesian unit root tests are able to avoid the complexity
of the frequentist approach, but warns against the use of flat priors. He shows that flat priors are
informative in the sense that they down-weight the non-stationary region of the posterior distribution.
In order to develop an ‘objective’, or non-informative Bayesian unit test, Phillips formulated a framework
for the application of Jeffreys’ prior on the autoregressive parameters. Phillips found that the results
from Bayesian unit root tests accord far more closely with the frequentist alternative under this prior.

8Tt is useful to note that one prior for which asymptotic normality will not hold is Phillips (1991)
version of Jeflreys’ prior. As discussed by Kim (1998), Phillips’ prior is dependent on sample size and
diverges to infinity as the sample size becomes large, resulting in a very non-normal asymptotic posterior
distribution.

11



test, however, will retain its form when a nuisance parameter is unidentified under the
null hypothesis, with no discontinuities, even when there may be a unit root in the DGP.

These results form a strong motivation for the adoption of a Bayesian testing strategy
with priors that conform to @), ~ N (0, ¢X) whenever a nuisance parameter is unidentified
under the null hypothesis, particularly when the DGP may be non-stationary. The
remainder of this paper is devoted to the development of such a strategy for Caner

and Hansen’s (2001) testing problem.

4 A Bayesian test

Assume that the threshold A is known. Define z; = (1,¢, 1 1, Ay 1,..., Ay ) and let

z; = zjl; and z? = (1 — I,) where

1if 721 < A
]t =
0 otherwise.
Define X; and X, to be the vectors ' = [z}, z],...,z}] and z? = [22 22 ... 22]

respectively, with elements re-ordered according to the observed value of the threshold
variable Z; associated with each x;. This implies that if there are g observations for which
Zi_1 > A, then the last g observations of X will be zero and the first T — g observations

of Xy will be zero. Finally, define X (A) to be the T' x (4 + 2k) matrix [X; X5]. Using

this notation (1) can be expressed as

AY(A) =X (\) 0 +e.

Here 0 = (6}, 0,) and AY (A) and e are the vectors (Ayy, Ays, ..., Ayr) and (1, e, ..., e7)

respectively, also re-ordered by the observed value of the threshold variable Z; at time .

12



Based on the hypotheses described in section 2, there are seven competing models of

interest defined by restrictions on 6 and py, p, € 0:

My : 01 =0y and p; = p, = 0: a linear autoregression with a unit root
My : 01 = 0y and p; = p, < 0: a stationary linear autoregression

Ms : 01 # 05 and p; = p, = 0: a nonlinear autoregression with a unit root
My : 01 # 05 and p, = p, < 0: a stationary nonlinear autoregression

My : 01 # 05 and p, # p, < 0: a stationary nonlinear autoregression

Mg : 01 # 05 and p;, =0 and p, < 0: a unit root in the lower regime

My : 01 # 05 and p; < 0 and p, = 0: a unit root in the upper regime

The likelihood function associated with (1) conditional upon hypotheses M;, j =
{1,2,...7} is

(AY(N) = X (V) ) (AY () = X (N)0) } (1)

202

- 1
fT(YT7 \IJ, )\’Mj) — m eXp {_

The conditional marginal likelihood fr (}N/T]M ;) 1s obtained by integrating the joint density

p(0,0,X) over 0;, 0; and A:

fr(Valat) = [ [ [ 50,0305, (12)
_ / / / (0,0, 0)p(0, 7| A)p(\)d0,do s d
= [ r(Falgs 2

The analytical evaluation of integrals like (12) is often not possible for nonlinear time

series models. It must therefore be approximated using some numerical integration

13



technique. However, analytic solutions are available for (12), conditional on A, if
independent natural conjugate priors are adopted for py, p, and o.

Convention dictates that the prior densities of the parameters of the model be proper
and not too diffuse. This is because Bayesian estimation requires the integration of
fr (}N/T]Mj, A) over the entire domain of the nuisance parameter A\. When non-informative
or improper priors are adopted the Bayes factors will tend to favour the linear model.”

A standard normal-gamma prior is adopted for 0 and o:

p(0lo) = (2m) 20" |AY 2 exp {-% (0-0) A0~ 5)}

() 2 (w2\"* 1 TS
g) = — Ea——— —_ .
P T2\ 2 ) o oP | 202

p(0,0) = p(0o)p(o)

oy {007 10-))

where 0 is the prior mean of 0, covlf|o] = 0?A™" and E[o?] = v5?/(v — 2) and C =

N2
(2m) T/ ]A]l/ 2 F(52/2) (%) . This prior fulfills the conditions described by Andrews
(1994) necessary for POy — Exp-LMy 0.

Under these priors the conditional marginal likelihood will be:

v N ’Aj’ : —2 ~2 N—(+T)/2
Sr(Yr|M;) = /Z (‘Aj T X, ()\)/X<)\)‘> (vs + 00} +Qy) A (13)

J

where

v=T—n
_T[@+1) /2 (vs?)"”
T'(v/2)7T/?

°For more information and references see Kass and Raftery (1994) section 5 and Koop and Potter

(1999a).

14



See Judge, Hill, Griffiths, Liitkepoh and Tee (1985, p.129) for more details.

A difficulty arises here as we only have information about A at discrete and unevenly
spaced intervals as determined by observations on the threshold variable Z;. However,
Koop and Potter (2000) note that while A is continuous, its effect on the likelihood (11)
is the same as if it was discrete. This is because the possible values of A can be restricted
to the observed data points on Z;. Thus the likelihood (11), marginal likelihood function
(13) and the posterior distribution of 6 will be flat between the observed data points for
A — in this case each observation on Z;. This allows (13) to be calculated by obtaining
the conditional marginal likelihood fr (}N/T]Mj, A) for each observation on Z; and finding
the weighted sum across the T" observations, with weights determined by the relative size
of the interval between each Z;. Then one simply has to divide these by the height of the
integrating constant, which in this case is the sum of the value of the marginal likelihoods
calculated for each observed Z;.

Following Koop and Potter a continuous uniform prior is adopted for the threshold

parameter:

p(A) = : (14)

Here )\, is the upper allowable value for the prior and ); is the lower allowable value for
the prior. It is necessary to choose A, and A; to be within the range of observed threshold
variables Z; to ensure that neither X or Xy are null vectors and that analytical solutions
for (13) will exist. This is similar to Caner and Hansen’s (2001) restriction of A to the
interval [A\;, \,] such that Pr(Z, < \)) = 7y and Pr(Z;, < \,) = m9 where 0 > 7y, mp > 1.
Caner and Hansen’s (2001) and Koop and Potter’s (1999a) recommendations are
followed in treating 71 and 79 symmetrically so that m9 = 1 — 7. This equivalent to
restricting A so that neither regime accounts for more than 1007, % of observations on Z;.
Caner and Hansen recommend that 7 be selected carefully so as to ensure that there will
enough observations to identify the parameters. For the Bayesian test m; and 79 need
to be selected so that there are enough observations in each regime for the data to be
reasonable informative about the posterior distributions of regime dependent parameters.

Let A be the vector (71, Zs, ..., ZT)/ sorted into ascending order and let A; denote the

15



i element of A. Under (14) the marginal conditional likelihood associated with (1) can

be calculated as

fTON/T’Mj) - Z {EWQ(SH(IA_ j\f A) } fTON/T’MJ" A=Ay (15)

i=mT

This is similar to Phillips and Zivot’s (1994) Bayesian approach to inference on unit
roots when break points in the DGP are unknown. Zivot and Phillips place a uniform
prior on the position of the break point and produce posterior distributions for making
unconditional inferences about the parameters of the model by averaging the marginal
likelihood of the data over all possible break points.'’

As X, and X are linearly independent with a prior covariance of zero, the posterior
distributions of p; and p, will be distributed as independent, univariate-t random
variables. This property can be exploited to find weights for the conditional marginal
likelihoods of model Ms and models M, through to M; so that only the non-explosive

regions of p; and p, are considered.

5 Empirical performance of the Bayesian test

This section compares the small sample performance of the Bayesian test to Caner and
Mansen’s (2001) bootstrap procedure. To do so the size and power of the bootstrap
tests are compared with Bayesian size and power equivalents. The Bayesian ‘power
equivalent’ is defined to be the percentage of Monte Carlo draws for which the posterior
model probability associated with the null hypothesis is smaller than some constant c:
Pr(HODN/T) < c¢. The ‘size equivalent’ is defined analogously.

As the Bayesian paradigm places emphasis on the strength of evidence in favour
of the null hypothesis, many Bayesian statisticians, such as Gelman, Carlin, Stern and
Rubin (1995), would argue that such a strict decision rule imposes an artificial dichotomy

between the null and alternative hypotheses. However if a comparison between the

L0Marriot and Newbold (2000) adopt a similar strategy.
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performance of Bayesian and frequentist inferential procedures is to be made, a decision
rule needs to be put in place.

It is well known that the posterior model probability associated with a null hypothesis
can be very different from the p-value of a frequentist test.!! As discussed by Berger and
Sellke (1987) the prior model probability attached to a point null hypothesis must be
relatively small in order to produce a posterior model probability Pr(HODN/T) < 0.05.12
Put another way, posterior odds ratios are often more conservative than p-values in
their propensity to ‘reject’ the null hypothesis. As it is unclear precisely what decision
rule should be employed when comparing the small sample properties of Bayesian and
frequentist inferential procedures, the results of the experiments for both ¢ = 0.05 and
¢ = 0.5 are reported. Pr(HODN/T) = 0.05 is equivalent to a Bayes factor of 19, which
represents strong evidence against the null on Kass and Raftery’s scale. Alternatively
Pr(HODN/T) = (.5 corresponds to a Bayes factor of 1 and represents only weak evidence
against the null.

Kass and Raftery (1994) stress that the results of posterior odds are quite sensitive to
how the priors are specified for the parameters of interest. As emphasized by Koop and
Potter (19994), the specification of diffuse priors for any parameter in 6 will tend to bias
inference towards the linear model. Similarly, a very diffuse prior on the p, parameters
will tend to bias posterior evidence towards non-rejection of the unit root hypothesis.

The prior means of each 6; are set to zero, which is equivalent to a prior of a linear
process with a unit root. The prior variance of the p, and «; parameters are set to 1,
while the priors for the intercepts, y; are more diffuse, with prior variances of 1/4. The
prior probability assigned to each model My, ..., M; is distributed evenly. The priors on
the upper and lower bound of the threshold parameter, A\; and \,, are specified such that
A must lie within the middle 70% of the observed 7.

Monte Carlo experiments identical to those described in Caner and Hansen (2001)

are conducted. Selected results of Caner and Hansen’s Monte Carlo experiments are

11See, for example, Berger and Sellke (1987), Edwards, Lindman and Savage (1963) and Dickey (1977)

12 Although Casella and Berger (1987) and DeGroot (1973) have shown that when comparing a one-
sided null hypothesis on a scalar parameter with a one-sided alternative, p-values and posterior model
probabilities may be directly comparable.
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provided for comparison. Due to the computational expense incurred with Caner and
Hansen’s methods, size and power results for Caner and Hansen’s procedures have been
taken directly from their article and reproduced here. In each experiment the delay lag

of the threshold parameter m is set to equal 1, A =0 and k£ = 1.

5.1 Power of the threshold tests

Caner and Hansen (2001) examine the power of their threshold test by investigating
thresholds in each of the coeflicients of (1) individually. They measure the empirical power
of their test by the empirical rejection rates from 2000 replications of each experiment at
the nominal 5% level. Following Caner and Hansen the sample size for the data generated
in each experiment is 7" = 100 and 2000 replications of each experiment are performed.

The first Monte Carlo experiment allows for a switching intercept only, with data

simulated from the DGP

Py + pye1 oAy e if Zi g < A
Ay = (16>
o + Py + Ay Fep if Zp g 2 A

e ~i.i.d.N (0,1)

with @ = 0.5, A = 0 and p taking on the values {0, —0.05}. The magnitude of the
threshold effect is controlled by the difference Ay = py — p; with g, = —p,.

The second experiment allows for a threshold effect in the coefficient on y; 1:

P4 oy oy e if Ziqg < A
Ay, = (17>

bt o1+ Ay +e if Zp g 2 A

e ~ i.i.d.N (0,1)

with 4 =1, A =0 and o = 0.5. Here the magnitude of the threshold effect is controlled

by Ap = py — py.
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In the third experiment there is a threshold effect in the autoregressive parameters

oy and og:

ptpye—1 F Ay e if Zp g < A
Ay, = (18>

bt pye1+ oAy +e if Zp g 2 A

e ~ii.d.N(0,1).

The magnitude of the threshold eflect is defined as Aa = g — g and oy = —Aa/2. The
intercept u =1, A = 0 and p takes on the values {0,-0.05}.

The results of these experiments are presented in Table 1. The power of the Bayesian
test to reject the linear model in the presence of a threshold effect appears to compare
quite favorably with Caner and Hansen’s (2001) procedure. In each experiment the power
of test is monotonically increasing in the size of the threshold effect and reasonably large,
even against quite conservative alternatives for the Bayesian 5% test. The Bayesian 50%

test dominates Caner and Hansen’s test for all experiments except the one for which

p=0and Ay =2."3

Table 1: Empirical power of the threshold tests

Bayesian test (5%) ‘ Bayesian test (50%) u Sup-Wald test
Ap

0.2 1.0 20 0.2 1.0 2.0 02 1.0 20
p=—0.05 0.8 149 833 | 13.8 56.2 984 54 389 98.2
p= 0.5 121 70.7 | 99 495 96.3 5.2 357 979
Ap
-0.05 -0 -0.2 |-0.06 -0.1 -0.2 |-0.06 -0.1 -0.2
pp=-—005] 44 19.0 519 | 33,6 644 8.1 | 16.5 43.0 73.8
p1=0 65.1 80.7 &88.0 | 928 97.3 988 | 82.1 93.1 955
A«
05 1.0 19 0.5 1.0 1.9 0.5 1.0 1.9
p=—0.05 6.5 44.8 99.7 | 39.5 8.8 999 | 15.7 575 99.6
p=0 17 264 995 | 16,7 67.2 99.7 4.7 10 344

13 As a qualification it should be kept in mind that a 51% posterior model probability in favour of the
threshold model represents only weak evidence against the null hypothesis
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5.2 Size of the threshold tests

Caner and Hansen (2001) examine the size of their threshold test by simulating the data

under the null hypothesis of a lincar AR(1) process:

Ayr = p+py1 + Ay 1 +e (19)

e ~ii.d.N(0,1).

Here p is varied among the values {0,—0.05,—0.15,—0.25} and « alternates between
{0.5} and {—0.5}. Following Caner and Hansen, the sample size of each experiment is
set to T" = 100 and 10000 replications of each experiment are performed. Results of this
experiment are presented in Table 2. They are reported as the percentage of p-values
which are smaller than the nominal size for Caner and Hansen’s Sup-Wald test and the
percentage of simulations for which posterior model probability of a linear model is less
than 0.05 and 0.5 for the Bayesian test.!*

The results presented in Table 2 illustrate the more conservative nature of the Bayesian
test. In particular, the percentage of rejections of the (true) null hypothesis are much

smaller for the 5% Bayesian test than for Caner and Hansen’s (2001) Sup-Wald test.

Table 2: Emprical size of the threshold tests

Bayesian test 5 %
p=-025 p=-015 p=-005 p=0
a=-0509 0.7 0.5 0.4
a=05 |06 0.6 0.6 0.3
Bayesian test 50 %
a=-—0.5 158 15.2 12.8 10.8
a=0.5 13.2 14.1 12.3 7.7
Sup-Wald test
a=-05| 38 5.5 5.1 4.8
a=05 |40 5.0 4.9 4.2

14 Caner and Hansen found their constrained bootstrap procedure to perform slightly better in terms
of size than the unconstrained bootstrap. Therefore, Caner and Hansen’s results for the constrained
bootstrap are reproduced in Table 2.
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5.3 Power of the unit root tests

Caner and Hansen (2001) examine the power of nominal 5% tests with data simulated

from the DGP

py + Py e it Zpg <A
Ay = (20)

Yo+ pote1+ e if Z g 2 A

e ~ii.d.N(0,1).

Following Caner and Hansen the sample size of each experiment is set to T = 100 and
1000 replications of each experiment are performed.

In the first experiment the DGP is stationary and linear in p but subject to a threshold
effect in the intercept. Specifically p; = p, is varied among {-0.05,-0.10,-0.15} and Ap
is varied among {0,1,2,3}. The second Monte Carlo experiment examines the case of a
partial unit root. This time p; = 0 and p, is varied among {-0.05,-0.10,-0.15}. In the
final experiment the experimental data is simulated under the condition that p; = —0.05.
Results are presented in Table 3.

The Bayesian 50% test outperforms Caner and Hansen’s (2001) test for all experiments
and, strikingly, the more conservative Bayesian 5% test outperforms Caner and Hansen’s
test for half of the experiments. The advantage of the Bayesian test over the Ry; test

increases in the magnitude of threshold effect.

5.4 Size of the unit root tests

Caner and Hansen (2001, p. 1574) examine the size of their unit root test by simulating

the data under the null hypothesis of a unit root with a threshold effect in the intercept
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only:

The autoregressive coeflicient « is varied among {—0.5,—0.2,0,0.2,0.5} and Ay = py—py
is varied among {0, 1,2, 3} with gy = —p,. Following Caner and Hansen, the sample size

for the data generated in each experiment is T = 100 and 1000 replications of each

Table 3: Empirical power of the unit root tests

Bayesian 5% test | Bayesian 50% test Ry test
pe: | -0.06 -0.1 -0.15)-0.05 -0.1 -0.15|-0.05 -0.1 -0.15

P1 = P2
0 4 12 53 36 68 90 8 15 28
Ap 1 7 30 64 46 88 99 14 38 62
2 26 81 98 79 100 100 29 76 95
3 76 100 100 98 100 100 o4 96 99

p1 =0
0 3 6 11 26 40 63 6 12 23
Ap 1 5 18 45 35 70 90 11 28 54
2 21 73 94 64 97 100 17 64 92
3 63 96 99 89 98 100 41 90 97

p1 = —0.05

0 4 8 13 33 51 69 8 12 20
Ap 1 7 18 41 50 73 92 14 28 47
2 25 64 90 79 97 100 29 58 87
3 7 98 99 98 100 100 o4 89 99

g+ oAy +eif 2 < A

Ay, =

po +aly 1 +e il Zp g 2 A

e ~ii.d.N(0,1).

experiment are performed.

The results of experiment (21), reported as the percentage of posterior model
probabilities smaller than ¢, are presented in Table 4. Also presented in this table are
the percentage of p-values which are smaller than the nominal size reported in Table IV
of Caner and Hansen (2001, p. 1574). Caner and Hansen find that while the #; test and
ADF test have reasonable size, the Ryr and Ryp tests tend to over-reject the (true) null
hypothesis. The Ryp test is found to slightly outperform the Ryp test. For this reason

results from both the Rir test and the #; test are reproduced here.
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As expected, the more conservative Bayesian 5% procedure seems to do as well as
the t; test in terms of size for all experiments. The 50% Bayesian test also appears to
perform quite well. As would be expected, the number of false rejections by the Bayesian
test decreases with the magnitude of the threshold effect. Interestingly, the degree by
which Caner and Hansen’s (2001) R;r test is oversized seems to be increasing with the

magnitude of the threshold effect.

Table 4: Empirical size of the unit root tests

Bayesian 5 % test Bayesian 50 % test
Ap: | 0 1 2 3 |0 1 2 3
05 108 04 00 02101 64 25 1.5
02 121 04 03 02139 89 65 23
a: 00 1.2 07 1.3 01151 125 96 34
02 117 1.2 05 04178 163 122 50
-05 14 20 1.2 02209 220 134 74
t1 test Ryr test
Ap:| 0 1 2 3 0 1 2 3
05 |42 70 70 04| &85 10.8 247 21.8
02 |54 27 14 42| 72 79 104 26.0
a: 00 |52 47 32 24| 70 56 82 133
02 145 53 37 20| 57 70 69 96
-05 131 46 45 41|59 67 79 &7

5.5 Prior sensitivity analysis

As discussed by Koop and Potter (1999a) the posterior evidence in favour of nonlinear
specifications is usually reduced when the prior variance on the regression coefficients
becomes large. In order to investigate the sensitivity of the results of this section to the
specification of the prior, the Monte Carlo experiments described above were repeated
under two alternative prior specifications.!® In the first alternative prior specification the
prior standard deviations of the regression coefflicients p,, o; and p;, i = {1,2}, were
doubled. In the second alternative prior specification the prior mean of the residual

variance o2 was doubled.®

15 These alternative specifications are similar to those adopted by Koop and Potter (19995) for a similar
investigation into the sensitivity of Bayesian inference for threshold models to prior specifications.

8 For convenience, the results of Caner and Hansen’s Monte Carlo experiments are also replicated in
these tables. Obviously they are identical to those presented above.
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The results of the Monte Carlo experiments under the first alternative prior
specification are presented in tables Al to A4 of Appendix A. While the power of the
threshold test are generally reduced for this prior, they remain comparable with Caner
and Hansen’s (2001) Sup-Wald test. The size of the threshold tests are also reduced under
this prior. The size of the 5% threshold test is very small, with very few false rejections,
while the size of the 50% threshold test performs better than Caner and Hansen’s Sup-
Wald test for p = 0 and p = —0.05 under this prior.

When the prior standard deviations of the regression coefficients in 6 are doubled the
power of the Bayesian unit root test is generally reduced. The empirical power of the
Bayesian 50% test, however, remains comparable with Caner and Hansen’s (2001) Ryr
test. The empirical power of the Bayesian test is generally superior to the Ryr test for
values of p which are close to 0 and smaller threshold effects. Meanwhile the performance
of the Ryp test is superior to the Bayesian 50% test for larger threshold effects. The
size of the Bayesian unit root tests are reduced for Ay = 0 and Ay = 1 under the first
alternative prior but increased for Ay = 2 and Ay = 3. The performance of the Bayesian
50% test is better than the Ry test for large (positive) values of « but only better than
the 11 test when Ay = 0.

The results of the set of Monte Carlo experiments under the second alternative prior
specification are presented in tables A5 to A8 of appendix A. Halving the prior mean
of 02 generally increases the power of the Bayesian 50% threshold test, although the
magnitude of this increase is not large. However, the size of the threshold tests are more
or less unchanged. Where there is a difference in the size of the Bayesian threshold tests
the number of false rejections is slightly increased.

The power of the Bayesian unit root test under the second alternative prior is increased
for the experiments for which the DGP is linear Ay = 0 but decreased for the other Monte
Carlo experiments. In general the power of the Bayesian 50% unit root test is greater
than the power of the R;r test for the experiments for which Ay = 0 and Ay =1 while
the Ryp test is the better performer for the larger threshold effects Ay = 2 and Ap = 3.

The size of the Bayesian unit root tests are increased under the second alternative prior
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specification. Except for the experiments for which v = 0.5 the Ryr test outperforms the
Bayesian 50% test in terms of the number of false rejection of the unit root hypothesis.
However the t; test always outperforms the Bayesian 50% unit root test in terms of power
while the Bayesian 5% test generally outperforms the ¢; test on this measure.

In summary, the two alternative prior specifications do not appear to affect the broad
conclusion that the simpler Bayesian test performs comparably with the more complex

set of tests developed by Caner and Hansen (2001).

6 Application to the male unemployment rate in the

United States

Having established that the small sample performance of the Bayesian test compares
favorably with Caner and Hansen’s (2001) test, it is of interest to ascertain how the two
approaches compare in practice.

Caner and Hansen (2001) estimate the parameters of the following self exciting
threshold autoregression for the monthly unemployment rate for males in the United

States over the period January 1956 through to August 19997

k
My + P1Ye-1 + Z aj Ay e if Z g < A
Ay = N (22)
Uo + o1+ Y, oAy j+ep il Zig 2= A
j=1

Zy = Yt — Yt—m-

Conditioning on an autoregressive order of k = 12, Caner and Hansen (2001) reject
a linear specification for the unemployment rate in favour of the threshold specification
for delay lags m = 1 to m = 12. In the subsequent threshold unit root tests Caner and
Hansen select m so as to minimize the residual sum of squares. This is reported to occur
for m = 12. However as the value of the residual sum of squares is almost identical for

m = 9 and favoring smaller values of m Caner and Hansen select m = 9. Based on this

1"Caner and Hansen’s (2001) data set was obtained from Bruce Hansen’s web page:
http://www.ssc.wisc.edu/ “bhansen/progs/progs paper.htm
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specification, they report the point estimate of the threshold parameter to be \ = 0.33.
While Caner and Hansen reject the null hypothesis p; = 0 in favour of p; < 0 at the 5%
significance level, they are unable to reject the hypothesis that p, = 0.

In applying the Bayesian test to Caner and Hansen’s unemployment data the prior
means of u;, p; and «; i € {1,2} are set to zero and the prior variances of p; and «; are set
to 1. The priors for the intercept terms p, are set to be more diffuse with prior variances
of 4. The prior degrees of freedom for the residual variance parameter is set to 3 while
the prior mean of o2 is set to 1.4.'% The prior probabilities attached to each model are
distributed evenly.

For the purpose of making a meaningful comparison with Caner and Hansen’s (2001)
results, m is also chosen so as to maximize the marginal likelihood associated with (22).
Conditional upon & = 12 this occurs for m = 12. However mirroring Caner and Hansen’s
results the marginal likelihood associated with (22) for m = 9 is nearly identical. Caner
and Hansen are followed in selecting the smaller value for m.

The posterior distribution of the threshold variable A is presented in Figure 1 and
posterior probabilities for models M; to M; are reported in the first column of Table
5. Posterior evidence of a threshold effect is ‘decisive’ on Kass and Raftery’s (1994)
scale. It is apparent from Figure 1 that the posterior mode of the threshold occurs at
A = 0.30 which is quite similar to Caner and Hansen’s estimate of X = 0.33. However,
the posterior model probabilities associated with each hypothesis lead to quite different
conclusions about which model is favored by the data. The highest posterior model
probability is associated with M, while Caner and Hansen’s preferred specification M7 is
somewhat less preferred with a posterior model probability of 0.326.

Caner and Hansen’s procedure conditions on m and k which are generally unknown.
However an advantage of the Bayesian approach to inference is to the ability to
accommodate specification uncertainty by integrating posterior model probabilities over
plausible ranges of m and k.

The posterior model probabilities associated with models M; to My, integrated over

18 This is diffuse relative to the variance of first difference of the unemployment rate: 0.043.

26



Figure 1: Posterior distribution of the threshold parameter Pr(/\]f/T, m =9,k = 12) for the
U.S. male unemployment rates January 1956 to August 1999
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Table 5: Posterior model probabilities for the U.S. male unemployment rate
January 1956 to August 1999

Model Pr(M;|Yy,m =9,k = 12) | Pr(M,|Yy)

My:p =py,=0,00 =0y 0.000 0.000
My 2 py=py <0,0, =0, 0.000 0.000
Ms: py=py=0,0, # 0, 0.156 0.033
My py=py <0,0, # 0y 0.480 0.842
Ms 2 py < 0,py < 0,01 # 0y 0.032 0.052
Me : py =0,p, < 0,01 # 0y 0.017 0.011
Mz 2 py <0,py =0,01 # 0 0.314 0.061
p1# Py, 01 Oy 1.000 1.000
pr=p2=0 0.156 0.033
Log of the marginal likelihood 65.769
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m=1:12and k = 1: 12, are reported in the last column of Table 5. While the posterior
evidence of a threshold effect remains ‘decisive’ on Kass and Raftery’s (1994) scale, taking
account of specification uncertainty in this way leads to a much greater posterior weight

being attached to M,, with only a small proportion of the posterior weight attached to
M.

Figure 2: Pr(7; > /\D~/T) for the U.S. male unemployment rate January 1956 to August 1999

1 {w T F T T T TS T

0.9

0.8

0.7 7

0.6

0.5

0.4 | .
0.3 m .

0.2

L o | i T N

0
1955 1960 1965 1970 1975 1980 1985 1990 1995 2000

Caner and Hansen (2001) classify alternative regimes for the unemployment rate using
the dating rule 7; > \. However the Bayesian approach to inference can be used to obtain
Pr(Z, > )\DN/T) — the posterior probability of being in the upper regime at any point in
the sample — as an additional output. This is plotted in Figure 2 along with the periods
during which the US economy was in recession as dated by the NBER. It is evident from
this figure that the behavior of the unemployment rate in the United States is altered
during the final few months of macroeconomic contraction and for several months after
the end of the recession phase. The unemployment rate was classified by regime using
the dating rule Pr(7, > )\DN/T) > 0.5 and is plotted in Figure 3. This figure is almost

identical to its equivalent Caner and Hansen (2001, Figure 1, p.1577).
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Figure 3: U.S. male unemployment rates classified by regime January 1956 to August 1999
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7 Conclusions

This paper has argued that a Bayesian approach to distinguishing between unit
roots and threshold effects offers several practical advantages over an equivalent
procedure developed by Caner and Hansen (2001). These advantages include increased
computational efficiency and the avoidance of pre-testing biases by jointly testing for a
unit root and a threshold effect rather than adopting a sequential testing strategy.

A new Bayesian test for unit roots and threshold effects has been developed and
the small sample power and size properties of this have been compared with those
reported by Caner and Hansen (2001). After differences between Bayesian and frequentist
approaches to hypothesis testing have been taken into account the results from Monte
Carlo experiments appear to indicate that the Bayesian test performs at least as well as
Caner and Hansen’s testing strategy.

There are several avenues for further research. These include a detailed study of the
asymptotic properties of Bayesian posterior distributions for combined threshold and unit
root effects and extending the test to more complex nonlinear forms and alternative prior

specifications.
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Appendix A: Prior sensitivity analysis

Table A 1: Empirical power of the threshold tests: prior standard deviation of 8 doubled
Bayesian test (5%) ‘ Bayesian test (50%) u Sup-Wald test
Ap

0.2 1.0 2.0 0.2 1.0 2.0 0.2 1.0 2.0
p=—0.05 0.2 6.4 69.7 3.5 324 928 54 389 98.2
p = 0.1 9.4 91.2 1.7 342 987 5.2 357 97.9
Ap
-0.05 -0.1 -0.2 |-0.05 -0.1 -0.2 |-0.05 -0.1 -0.2
pp=-—0.05] 41 183 51.7 | 234 532 R&1l.2 165 43.0 73.8
p1 = 71.0 824 874 | 91.1 96.3 983 82.1 93.1 95.5
A «
0.5 1.0 1.9 0.5 1.0 1.9 0.5 1.0 1.9
p=—0.05 22 319 99.0 | 177 715 999 15.7 575 99.6
p= 0.8 207 96.8 88 542 994 4.7 10 344

Table A 2: Empirical size of the threshold tests: prior standard deviation of 8 doubled

Bayesian test 5 %
p=-025 p=-015 p=-0.05 p=0

a=-0.510.3 0.0 0.1 0.1
a=0.5 0.4 0.1 0.1 0.2

Bayesian test 50 %
a=—-0.5]6.8 5.0 3.3 3.6
a=0.5 4.3 5.6 2.6 2.3

Sup-Wald test

a=—-0.5]338 5.5 5.1 4.8
a=0.5 4.0 5.0 4.9 4.2
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Table A 3: Empirical power of the unit root tests: prior standard deviation of § doubled

Bayesian 5% test | Bayesian 50% test Ry test
pe: | -0.06 -0.1 -0.15)-0.05 -0.1 -0.15|-0.05 -0.1 -0.15

P1= P2
0 2 7 21 22 49 78 8 15 28
Ap 1 2 6 15 23 45 66 14 38 62
2 4 9 20 31 a7 81 29 76 95
3 4 8 20 33 35 79 o4 96 99

p1=70
0 1 2 6 14 24 41 6 12 23
Ap 1 2 4 7 19 26 45 11 28 54
2 3 6 10 26 40 59 17 64 92
3 2 4 7 24 37 %) 41 90 97

p1 = —0.05

0 2 3 8 19 33 50 8 12 20
Ap 1 2 3 8 23 35 ol 14 28 47
2 4 7 10 33 46 61 29 58 87
3 4 6 10 34 4 62 o4 89 99

Table A 4: Empirical size of the unit root tests: prior standard deviation of 8 doubled

Bayesian 5 % test Bayesian 50 % test
Ap: |0 1 2 3 |0 1 2 3
05 102 01 13 19,26 76 122 1438
02 103 03 18 26,63 94 158 16.8
a: 00105 05 14 2955 101 155 16.7
-02 102 1.0 15 26|78 107 165 174
05103 09 25 26|72 114 19.0 21.3
t1 test Rr test
Ap:| 0 1 2 310 1 2 3
05 |42 70 70 04 85 108 247 218
02 |54 27 14 42,72 79 104 26.0
a: 00 152 47 32 24,70 56 82 133
-02 145 53 37 20,57 70 69 96
-05 131 46 45 41,59 67 79 &7
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Table A 5: Empirical power of the threshold tests: prior mean of ¢ halved

Bayesian test (5%) ‘ Bayesian test (50%) ” Sup-Wald test
Ap
0.2 1.0 20 0.2 1.0 2.0 02 1.0 20
p=—0.05 09 143 816 | 142 573 981 54 389 98.2
p=20 03 141 954 | 74 207 99.7 5.2 357 979
Ap
-0.05 -0 -0.2 |-0.06 -0.1 -0.2 |-0.06 -0.1 -0.2
pr=-—005] 9.7 300 648 | 432 718 920 | 16.5 43.0 73.8
P = 82.0 909 949 | 96.8 99.0 99.7 | 82.1 93.1 955
A«
05 1.0 19 0.5 1.0 1.9 0.5 1.0 1.9
p=—0.05 5.7 474 992 | 36.5 864 100.0 | 15.7 575 99.6
p= 0.8 26.1 984 | 147 66.5 99.9 4.7 10 344

Table A 6: Empirical size of the threshold tests: prior mean of o2 halved

Bayesian test 5 %
p=—-025 p=-015 p=-0.05 p=0
a=—-0.5]1.3 1.4 0.6 0.9
a=10.5 1.1 0.6 0.8 0.3
Bayesian test 50 %
a=—0.5]16.5 15.8 12.3 10.3
a=0.5 11.6 15.5 11.6 7.1
Sup-Wald test
a=—0.5] 38 5.5 5.1 4.8
a=10.5 4.0 5.0 4.9 4.2
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Table A 7: Empirical power of the unit root tests: prior mean of o halved

Bayesian 5% test | Bayesian 50% test Ry test
pe: | -0.06 -0.1 -0.15)-0.05 -0.1 -0.15|-0.05 -0.1 -0.15

P1= P2
0 4 14 38 35 69 92 8 15 28
Ap 1 6 15 28 43 72 87 14 38 62
2 7 16 35 50 78 94 29 76 95
3 8 14 31 ol 79 95 o4 96 99

p1=70
0 3 5 15 2r 44 66 6 12 23
Ap 1 3 6 15 35 52 70 11 28 54
2 5 9 17 42 60 78 17 64 92
3 7 7 14 38 a7 7 41 90 97

p1 = —0.05

0 5) 8 15 39 53 75 8 12 20
Ap 1 5 9 16 42 60 75 14 28 47
2 6 10 17 50 69 81 29 58 87
3 6 10 15 ol 70 81 o4 89 99

Table A 8: Empirical size of the unit root tests: prior mean of o2 halved

Bayesian 5 % test Bayesian 50 % test
Ap: | 0 1 2 3 |0 1 2 3
05 106 1.3 27 31| 6.7 157 21.3 204
02 108 21 33 42102 200 254 258
a: 00 1.2 1.1 36 33142 19.6 284 26.6
-0.2 108 1.3 32 35| 118 231 258 26.3
05 | 1.1 22 32 38157 254 285 305
t; test Rr test
Ap:| 0 1 2 3 0 1 2 3
05 |42 70 70 04| &85 10.8 247 21.8
02 |54 27 14 42| 72 79 104 26.0
a: 00 |52 47 32 24| 70 56 82 133
02 145 53 37 20| 57 70 69 96
-05 131 46 45 41|59 67 79 &7
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