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Abstract

A bivariate model that allows for both a time-varying cointegrating matrix and time-varying
cointegrating rank is presented. The model addresses the issue that, in real data, the validity
of a constant cointegrating relationship may be questionable. The model nests the sub-models
implied by alternative cointegrating matrix ranks and allows for transitions between
stationarity and non-stationarity, and cointegrating and non-cointegrating relationships in
accordance with the observed behaviour of the data. A Bayesian test of cointegration is also
developed. The model is used to assess the validity of the Fisher effect and is also applied to

equity market data.

JEL classification: C11, C32, C51, C52

Keywords: Error correction models, singular value decomposition, cointegration tests
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1 Introduction

Standard models of bivariate cointegration allow for the possibility that a constant linear
transformation can be applied to the pair of non-stationary variables to produce a sta-
tionary variable (Engle and Granger, 1987). In accordance with such models, numerous
tests have been developed to determine the validity of a constant cointegrating relation-
ship between the two variables (Johansen, 1991). In practice, however, structural change
or regime shifts are frequently present in economic or financial data thereby rendering
inappropriate the assumption of a constant cointegrating relationship.

To address this issue, cointegration tests in the presence of structural breaks and
regime shifts have been proposed (Gregory and Hansen, 1996a,b; Johansen et al, 2000;
Andrade et al, 2005). A drawback with such tests is that their applicability is limited to
a small number of breaks or shifts. To avoid this limitation, researchers have developed
approaches aimed at identifying cointegration in the presence of interlocutors such as
multiple structural breaks or regimes; in lieu of the breaks or shifts in the data, the
variables of interest share a common stochastic trend. This research includes allowing
for multiple breaks (Martin, 2000; Hansen, 2003), regime-switching behaviour (Paap
and van Dijk, 2003), or time-varying cointegrating vectors (Saikonnen and Choi, 2004;
Bierens and Martins, 2010; Koop et al, 2011).

A common objective underlying the above-mentioned research is identifying a coin-
tegrating relationship in a noisy, structurally dynamic environment. A generalisation of
this approach involves the possibility of alternating cointegrated and non-cointegrated
states. This generalisation has two noteable benefits. First, the presence of such al-
ternating behaviour allows for a range of cointegrating scenarios. Two variables that
are typically cointegrated may behave in a manner inconsistent with cointegration for
considerable periods of time. Alternatively, changes in preferences may produce cyclical

behaviour such that variables share a common stochastic trend in some periods and not



in others.

Second, the econometrician is always unaware of the true data generating process.
Even where variables are cointegrated, the econometrician never observes the cointegrat-
ing equation. In practice, cointegration tests are applied that often provide conflicting
results. Relatively minor amendments to the postulated form of the cointegrating re-
lationship can yield significantly different conclusions regarding cointegration. In many
cases, the addition of new data or the choice of the starting period for a dataset im-
pact significantly on the assessment of cointegration. By allowing for stationarity, non-
stationarity, and cointegration, the a priori imposition of a cointegrating rank is avoided.
Instead, if the econometrician has evidence regarding any cointegrating relationship, this
is embedded into the model through the choice of an appropriate prior.

We develop a bivariate model that can alternate between states of cointegration
and non-cointegration. This is achieved by relaxing the restriction that the rank of the
cointegrating matrix in an error correction model (ECM) is time-invariant. Since the
rank of the cointegrating matrix is allowed to vary over time, the model allows for all
three possible states identified by the rank-condition in the cointegrating matrix: two
variables may be I(1) with a single cointegrating relationship, I(1) with no cointegrating
relationship, or I(0). This generalisation is important since, even where two variables
are typically cointegrated, there may be periods where the variables do not appear to
share a common stochastic trend or where the variables behave as stationary processes.
Indeed, this type of switching behaviour is observed in the two applications undertaken
in this paper covering the relationship between US interest and inflation rates, and the
relationship between the FTSE 100 and S&P 100 stockmarket indices.

Sugita (2006) and Jochmann and Koop (2011) also allow for time-varying changes
to the cointegrating space. Sugita (2006) focuses on the identification of structural
breaks in the vector autoregressive-ECM (VECM), but allows for the cointegrating rank

to change with each structural break. The cointegrating rank is determined using an



approach proposed by Strachan (2003) that relies on the singular value decomposition
(SVD) of the cointegrating matrix (Kleibergen and van Dijk, 1998). Jochmann and
Koop (2011) highlight the computational difficulties associated with the estimation of the
Sugita (2006) model. With anything more than a relatively small number of structural
breaks, model estimation becomes intractable; as a result, only a small number of rank
changes may occur in the data.!

Jochmann and Koop (2011) overcome this limitation by allowing for a Markovian
structure in the latent (discrete) regime structure. By switching between regimes, their
approach allows for cyclical changes in cointegrating rank, in addition to permanent
break-dependent changes in rank. The modelling approach adopted in our paper, how-
ever, differs significantly from that adopted in Jochmann and Koop (2011). By treating
the individual elements of the SVD of II as dynamic latent processes, we are able observe
the time-dependent path of the elements of the decomposition, in addition to being able
to specify the functional form of the latent processes. This provides significant flexibil-
ity in modelling the time path of II. For example, stickiness in the rate of adjustment
parameters or in the cointegrating relationship is straightforward to accommodate by
specifying AR forms for the appropriate latent processes.

In turn, and in contrast to Jochmann and Koop (2011), we adopt a methodology
that activates or deactivates the column space of the matrices in the SVD of II in accor-
dance with the prevailing Markovian regime. Pursuant to this methodology, the latent
processes that are used to construct II continue to be estimated even where the cointe-
grating rank is zero. As such, the latent processes shadow the cointegrating structure
when the cointegrating rank is zero, and are re-admitted into the cointegrating structure
when a non-zero rank is chosen. There are marked benefits to this approach, including
allowing the econometrician to observe the strength of the time-varying signals in the

elements of II.

! Sugita (2006) considers up to 4 breaks in US term structure data.



The approach also allows us to parsimoniously nest the time-varying parameter
(TVP) VAR for I(0) data, the VAR for I(1) data and the TVP cointegrated VAR for I(1)
data into our model. This property is used to propose a straightforward test to estimate
whether the data are I(0), I(1) with no cointegrating relationship, or I(1) with a single
cointegrating relationship. The test provides estimates of the probabilities associated
with each of the competing relationships that can be obtained directly from the model
parameters and does not require the derivation of marginal likelihoods.

This paper is structured as follows. Section 2 presents the standard bivariate ECM
and formulates extensions in the form of a time-varying SVD of the cointegrating ma-
trix and a time-varying cointegrating rank. Section 3 presents the Metropolis-in-Gibbs
sampler used to estimate the model. Section 4 evaluates the model using simulated
data, while Section 5 applies the model to interest rate and inflation data, and to equity

market indices. Section 6 concludes the paper.

2 The bivariate ECM

The standard bivariate ECM is represented as follows?

Ay = &+t +y 111+ Ay 1B+ ey t=1,...T (1)
e “ N(0,%)
where y; = [ y;;, yo | is @ vector of I(0) or I(1) variables, c*,n* are (1 x 2) vectors, II

is a (2 x 2) cointegrating matrix, B is a (2 x 2) coefficient matrix for Ay, and & is a
(1 x 2) independent bivariate Gaussian process with positive definite covariance matrix
X

Kleibergen and van Dijk (1998) and Kleibergen and Paap (2002) have shown that the

2For ease of exposition, we work with first-order ECMs in this paper. The extension to higher-order
ECMs is straightforward.



local non-identification issue in II, and the variant problem in the cointegrating vector
B (pursuant to the standard decomposition II = S«) due to the ordering of equations,
can be resolved by the singular value decomposition of II into two orthonormal matrices

and a diagonal matrix of singular values

= UAV' 2)

where U and V are (2 x 2) orthonormal matrices such that U'U = V'V = I, and A is a
(2 x 2) diagonal matrix that contains (in descending order) non-negative singular values.

Since the number of non-zero singular values reflects the rank of II, the existence
of a cointegrating relationship between y;; and y; is consistent with the lower diagonal
element of A being constrained to zero. In addition, the smallest singular value provides
information about the degree of rank deficiency in II.

We relate « and (3 to the SVD in (2) as follows:
1. = AV’ and 8 = U for rank(Il) = 2, and

2. a=wV{ and 8 = U; for rank(II) = 1. wy is the first diagonal element of A, V; is

the first column of V' and Uj is the first column of U.

In the case of rank(IT) = 1, a can be interpreted as a speed of adjustment vector and
5 as the cointegrating vector. In this case we set ¢* = ¢ —npa and n* = —n;« such that
the cointegrating vector y;_13 is associated with the attractor (ng + tn;) (see, further,

Franses, 2001).

2.1 Time-variation in the cointegrating matrix

In line with (2), the SVD applied to II will obtain the orthnormal matrices U, V' and the
diagonal matrix A (see Strachan, 2003; Strachan and Inder, 2004; Villani, 2006). This

paper does not, however, adopt an explicit SVD of II to obtain U = {u;;}, V = {v;;},



and A = {w;}. Instead, we treat S C {U,V,A} as a set of estimable latent processes.
Time-variation in II can, therefore, be implemented by assuming a dynamic form for S.

Equation (2) therefore becomes

I, = U;AV/ (3)

where A; = , with the ordered pair (wy, wy) following wy; > wyr > 0.
0wy

In the special case of rank(Il) = 1, (3) implies that the speed of adjustment and the
cointegrating vector are time-varying pursuant to oy = wltV{t and B, = Uy;.

For any (2 x 2) orthonormal matrix, the elements within the matrix are interdepen-
dent functions and may follow two possible trigonometric representations (rotation or
reflection). In terms of estimation, the representation adopted is arbitrary and, in this

paper, U; and V; are treated as rotation matrices

cos Oy,  sinfy; cosly,;  sinf,;
Ut - 7‘/;5 - . (4)
—sinf,; cosO, —sinf,; cosf,
The elements in U; and V; are, respectively, functions of real-valued frequency parameters
0, and 0,;, and are expressed in radians. Rather than estimating 0., 0., wi: and woy,
however, it is computationally convenient to estimate the product of V3 and A;

d d
D, = VA, — 1t a3t

—dat  dat

wWig COS Oyt wop Sin Ot

—wi Sin B, wop cos Oy



where D; follows
2
w 0
DiD,=| " . (6)
0 wgt
Without loss of generality, we assume that ds; = k;doy and dyy = kidi;. To enable
identification of k;Vt, we impose wi; > €* where £* is an arbitrarily small positive
number. Using (5) it can be shown that k; = wa; /w14 such that k; necessarily lies in the

unit space. Estimating dy¢, do; and x; is therefore sufficient to recover the parameters

in D; as

w1 =y di, + d3, (7)
w2t =/ 3, + dj, (8)

d3; = FKedoy 9)

d4t = Kltdlt (].O)
d

0,0 = cos ! <1t> (11)
Wit

A range of functional forms may be adopted for di¢, do, 0y and ;. We adopt
the following broad specifications which, with appropriate restrictions, accommodate a
wide range of processes including time-invariant parameters, the random walk, and the

stationary autoregressive model.

dir = pq + prdit—1 + vig, v ~ N(0,01) (12)
dot = 1o + padai—1 + Vo, vy ~ N (0,02) (13)
Out = g + p3bu—1 + v, v3r ~ N(0,03)3 (14)

3Rather than following the standard approach of normalising /a3 to 1, we normalise /o3 to 1 degree
(155 radians) in line with 6,:’s status as a frequency measure.



Kt = Ki—1 + V4, vgr ~ N(0,04). (15)

We find it convenient to set j1; = 9 = 0 and p; = py = 1 such that dy, da follow random
walks, thereby incorporating a relatively agnostic path dependency in the parameters
belonging to II;. This appears to be a reasonable attribute given its implication that the
relationship between Ay; and y;—1 will typically not change from period to period in a
manner unrelated to its path.

Our general specification provides flexibility in setting a range of priors pertaining
to the rate of adjustment and cointegration parameters. Adopting tight zero-mean nor-
mal priors for p;, py and inverse gamma priors for 01,09 with location close to 0, for
example, imposes the prior assumption that the rate of adjustment is largely constant.
Alternatively, specifying an AR(2) specification for dy;, dg; with non-zero priors for the
AR parameters, provides a simple means for imposing a prior assumption of (some)
cyclicality in the rate of adjustment.

Typically, however, economic theory introduces restrictions on the cointegrating re-
lationship. Restrictions of this nature are straightforward to accommodate. Setting a
zero-mean normal prior on ps, for example, asserts a prior belief in a cointegrating vector
located around [ 1 0 } . In the analysis of the Fisher effect undertaken in Section 5,

a normal prior for 3 located at %

is consistent with the prior location [ 1 =1 ]
for the cointegrating relationship as implied by theory. In general, adopting the prior

g ~ N (%, 033> incorporates the belief that the simple difference y3; — yor is 1(0).

2.2 Time-variation in the cointegrating rank

In this sub-section, we augment the model with a latent discrete Markov-switching com-
ponent to enable time-variation in the rank of Il;. This is achieved by incorporating
a (2 x 2) idempotent matrix 1(S;) into (3). The idempotent matrix I(S;) is used to

engage or disengage the columns in the orthogonal matrices (U, V;) and the elements in



the singular value matrix A;. Consequently, any rank reduction in II; is made feasible
by appropriately controlling the admission of the elements in (U, V;, A¢) that constitute
the matrix II;

Equation (3) is re-formulated as

I, = UAV/ (16)
- UtI(St)](St)At‘/tl
where
(1 — s1¢)(s2t + s3¢) 0
1(S;) = . (17)
0 (1 — Slt)s?)t

Note that sj;, j = 1,2,3, is an indicator variable such that s;; = 1 if S; = j and s;; = 0
if S¢ # j. When sj; is equal to 1, (16) implies that the rank of II; is (j — 1).
The discrete state S; is assumed to follow a Markovian transition probability for a

move from state i to state j
3
7j=1

The transition (18) can be represented in matrix form as

P11 P12 P13
P=1pyu pa po |- (19)
P31 P32 P33

The choice of a Markovian transition probability allows for persistence in the rank
condition. The combination of a Markovian transition matrix (19) and the path de-

pendent specifications for 6, di¢, do; and k; implies that both the cointegrating rank



and the elements of II; (even where the cointegrating rank is constant) depend on their
historical values.

Pursuant to the association between S; and the rank of Il;, the steady state prob-
abilities associated with P (being the solution to x = P’z) represent the posterior
probabilities associated with each rank. These probabilities are readily obtained as the
normalised eigenvector associated with the largest eigenvalue (having the value unity)

of the matrix P’. The following limiting conditions hold:

1. p11 = p21 = p31 = 1 eliminates any cointegration between the I(1) vector y; and

the resulting model is a VAR in Ayy;

2. p12 = p2o = p3z = 1 implies that the rank of II; V¢ must be equal to 7 = 1 and
y; is cointegrated by reference to the cointegrating matrix 8, = Uy;. The resulting

model is a VECM,;

3. p13 = p2g = p3z = 1 implies that there is no reduced rank for II; V¢ and y; ~ 1(0).

The resulting model is a VAR for stationary data.

Accordingly, the model can be viewed as a meta-structure which nests a VAR, a
TVP-VECM, and a TVP model for stationary data (TVP-S). Denote the VAR, TVP-
VECM and TVP-S models as models M7y, Ms, and Mjs respectively. The steady state
probabilities associated with P provide the posterior probabilities associated with each
model, P (M;) for i =1,2, and 3.

It is clear that prior beliefs about the existence of cointegration in y; can be incorpo-
rated into the model as priors on the parameters p;;. Define the 3 x 3 transition matrix
P; containing a vector of ones in the jth column and zeros everywhere else. The standard
approach of ex ante choosing among the models defined by the different rank conditions
is straightforward to obtain by imposing a degenerative prior such that P = P;, thereby

imposing rank(IT) = j — 1. In the converse situation, a diffuse prior on P will result in

10



probabilities for the possible ranks of II that depend only on the observed data. Alter-
natively, a relatively informative Dirichlet prior on P can be used to accommodate the

econometrician’s prior belief without forcing a choice among competing models.

3 Bayesian model estimation

Estimation of the model is undertaken in a Bayesian context using a Metropolis-in-Gibbs
sampler that relies on the Kalman filter/smoother and the auxilliary particle filter. The
sampler involves 12 steps and is summarised below.

The following notation applies: dr = (c?nr, JQT) ; dir = (di1, di2y ..., dir) fori=1,2;
Our = (Out, Ou2, .., Our); B = (K1, K2, ooy )3 S7 = (S1, S2, .0, ST); p = (P11, P12, ... P32, P33);

po= (p1s Hos 3, a); p = (P1, P2, P3,P4);0 = (01,02,08,04); 1 = [ Mo M }/; C =
[ c1 ¢ c3 }/andg—vec({ B, B, Bj ]I>

Step 1: Draw the Markovian regimes §T given yr, gZVT,guT, kr,9,%,1n,C and o.

Step 2: Draw the transition probabilites p given §T.

Step 3: Draw the latent variable dir given yr, §T, cng,guT, kr,9,2,1,C, 1, p and o.

Step 4: Draw the latent variable cflng given yr, §T, JlT,guT, kr,9,2,1,C, 1, p and o.

Step 5: Draw the latent variable 5uT given yr, §T, JT, kr,9,5,1,C, 1, p and o.

Step 6: Draw the latent variable K7 subject to k; € [0, 1]Vt and given yr, Sr, JT, 9,%,n,C, 1, p

and o.
Step 7: Draw the latent variable variances o given kK, JT, p and p.t

Step 8: Draw the the intercept and autoregressive parameters pu, p for each of the ElvlT, Elng

and 0,7 given o.

4Note that o3 is normalised to (%)2.

11



Step 9: Draw the autoregressive parameters (for Ay;—1) g given §T,§T,JT,5uT,%T,n,C

and 2.
Step 10: Draw the intercept C given yr, §T, JT,guT,ﬁT,g, n and X.

Step 11: Draw the intercept and trend n pertaining to the cointegrating relation given

@/T) §T7 glvT)féuT, %T, g, C and X.

Step 12: Draw the variance ¥ given yr, §T, JT,EUT,ET,H, C and g.

We assume the following proper and independent prior densities for the model para-

meters

g~ N(g,%y)
C~N(cS.) i=1,23
n~ N(n,X,)

X~ IW (v, D;), 1=1,2,3

pi ~ N(p,0,), i=1,2,3.4
i ~ N, 0,0), i=1,2,34
9 0 f:
oi ~ I1G(=, Zfz), i=1,2and 4
2 2
pii ~ beta(Tii, Tii), 1=1,2,3
pi; ~ beta(tij, Tix), i,j,k=1,2,3 and i # j # k.

dio,dog ~ N (d,04q) , Ouo ~ U (0,7), Ko ~ beta(k,, Ky).

The latent variables JlT, JQT are simulated using the Kalman filter and smoother (Carter

and Kohn, 1994), while draws of the truncated latent variables 5UT, K are obtained

12



using the auxiliary particle filter (Pitt and Shephard, 1999).> We follow Carter and
Kohn (1994) and Kim, Nelson and Startz (1998) in drawing the Markovian regimes St
and the the associated transition parameters p. Conditional on the unobserved variables
and the adoption of a multivariate normal prior, the regression coefficients g, C and n
are multivariate normal (see, for example, Chib and Greenberg, 1996). Conditional on
guT and the chosen prior, the intercept and AR(1) coefficients ps, p5 are also normally
distributed and straightforward to obtain.’ Finally, the variance parameters o, ¥ are

conditionally distributed as inverse gamma and inverse Wishart respectively. Details

regarding each step of the sampler are provided in the Appendix.

4 Simulated evidence

We specify the following DGP to assess the sampler constructed in Section 3. Observa-
tions of y; = { Yir Yot } ,t=1,2,...,1000, are obtained by generating 1500 observations

from (20) - (25) and discarding the initial 500 observations.

Ay = cg, — Noot — tnyae + ye—158,a6 + Ayi—1Bs, + ¢ (20)
iid

e ™ MVN(0,5s,) (21)

dy = di+ou, v % N(0,0.001%) (22)

dgt = dgtfl + voy, Vot %1 N (O, 00012) (23)

Oui = Oup1+vs, vz < N(0,0.0012) (24)

e = Re1tva, v N (0,0.01%) (25)

®We have also obtained &7 using the method proposed in Chan, Koop and Potter (2013).
In our applications we set (p; = 0,p, = 1), (g = 0, p, = 1) . However, the aforementioned parame-
ters are obtained in the same manner as jig, pg.

13



0.15 -0.1 0.55 0.1 0.2 0.01

where Xg, = s13 + S9; + S3¢ , Bs, =
—0.1 0.15 0.1 045 0.01 0.3
00 0.1 0.2 0.5 0.2 .
S1t + S2¢ + S3¢ y G = [ 0.0 0.0 ] for i € {1,2,3},
00 0.1 0.15 0.2 0.2

Ny = [ 0.01 0.01 ] , M = [ 0.03 0.03 } and I(S;) is generated using the transition
parameters p1; = 0.98, pao = p33 = 0.99, p12 = p13 = 0.01 and p21 = p23 = P31 = p32 =
0.005.

The DGP assumes that the cointegrating rank is sticky. If the rank of II; =
U (Sp)I(Sy)A V) = Byaq is j, then Tl is also likely to be of rank j except where
k is large. Any transition is, however, allowed and the system is not restricted to step-
wise rank transitions (e.g. II; can move from rank j =0 to rank j = 1 or j = 2 at time
t 4+ 1). Accordingly, y; switches between cointegrated and non-cointegrated states, and
between stationarity and non-stationarity, although these switches are not common. The
first column of U, can be interpreted as the shadow cointegrating vector, whose parame-
ters are functions of #,,; which follows a slow- changing random walk. The cointegrating
relationship holds when S; = 2 and is associated with the attractor (ny + tn;) which, for
simplicity, is not assumed to be regime dependent. The matrix Dy = V;A; is determined
by di¢, ds; and k; which are modelled as slow-changing random walk processes. In the
event of rank(Il;) = 1, the first column of D; can be interpreted as a speed of adjust-
ment vector. In this respect, the slow-changing dy+,do; variables imply that the speed of
adjustment is unlikely to change dramatically from ¢ to ¢ + 1.

To estimate the model parameters, we produce 50,000 draws and apply a burn-in of
the first 10,000 draws. We undertake this process for two distinct sets of priors: the first
is fairly diffuse and the second is more informative. In each case we obtain similar results
which suggests that the estimates are insensitive to the choice of prior. Consequently,

we restrict our attention to estimates obtained using the first set of priors which is fairly

14



diffuse:

/
92[0 0 ... 0 0]

Egzdiag<[100 100 ... 100 100])

oo
S -

var 0
D, = 0.036 (o11)

0 var(yat)
and v, = 2, p = 0.5, 0, = 100, p = 0, o,y = 100 ¥; = 0.0196, f; = 1, 74y = Ty = T35 =
i =2 fori,j =1,2,3 and i # j # k. We also adopt the following diffuse parameters
for the initial states d = 0, o4 = 100, K, = Kk, = 1.

Figure 1 shows the actual and expected values for the regimes si¢, so; and ss¢. Pur-
suant to the figure, the DGP switches considerably between periods of cointegration
(s2t = 1), non-stationarity without cointegration (s;; = 1), and stationarity (s3; = 1).
The posterior regime probabilities are estimated as the sample mean of sj, j € {1,2, 3},
across the draws obtained using the sampler. It is readily evident that the sampler ac-
curately captures both the persistence of each regime and the transitions between the

regimes.”

Deviation between the actual and estimated regime is limited to a period
between t = 110 and ¢ = 180, where fairly similar probabilities for regimes 2 and 3 are
observed in the first half of the period, with regime 3 declining in favour of regime 2
as t — 180. During this period, the posterior probabilities correctly result in a sharp

drop associated with the first regime. However, a corresponding rise in the probability

of regime 2 is observed rather than a rise in both regimes 2 and 3. Given the strong

"The model was also estimated subject to time-invariant B and ¥ and was able to accurately capture
rank transitions, with the model typically producing the correct rank within 5 periods.

15



tracking of actual regimes, the estimates of the transition parameters are close to their

true values, with pi1, paa and pss all being close to unity.®

0 100 200 300 400 500 600 700 800 900 1000

N 5

300 400 500 600 700 800 900 1000

0 100 200 300 400 500 600 700 800 900 1000

Figure 1. Actual and expected values for regimes si¢, so; and s3;. The dotted lines are
posterior expected probabilities for the regimes s+, so; and ss¢, while the solid lines are their

actual values.

Figure 2 shows the actual values of dy,dot, 0+ and kg, together with 95 percent
credible intervals obtained using draws from the sampler. In each case the 95% credible
intervals encapsulate the actual values of the time-varying parameters as expected. The
results suggest that the sampler readily discerns the location of the latent parameters.
Testing of the model with alternative DGP structures suggests that uncertainty regarding
the latent parameters increases with the rapidity of regime shifts. This is unsurprising

since numerous, successive regime shifts imply significant uncertainty about the true

8The posterior means of p11, pa2 and ps3 are 0.9717,0.9698 and 0.9719 respectively. To preserve space,
the estimates and associated statistics for the set of DGP parameters are not presented. The estimates
are available on request from the authors.
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model at any given time period.

We also obtain the steady state probabilities of the transition matrix to compare
the prevalence of M;, My and Ms. The results of the test show that P (M;) = 0.34,
P (Mz) = 0.35, and P (M3) = 0.30. These probabilities correctly indicate that no single
model is valid for the entire time period, with each regime prevailing for a similar period

of time.

0 \ \ [~ \ \ \ \ \ \ |
0 100 200 300 400 500 600 700 800 900 1000
d
1t
o2 -
e i T e e i S S
-0 \ \ - \ \ \ \ \ \ |
0 100 200 300 400 500 600 700 800 900 1000
d
2t
.
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, e S RO P SRR
[ e E T e —— - S ——— .
5 \ \ \ \ \ \ \ \ 1 |
0 100 200 300 400 500 600 700 800 900 1000
q
ut

0 100 200 300 400 500 600 700 800 900 1000

Figure 2. Actual values of dy, dot, 0+ and k¢ and their 95 percent credible intervals. The

solid lines are actual values and the dotted lines are the credible intervals.
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5 Applications

5.1 Short term interest and inflation rates: The Fisher effect

The Fisher equation asserts that the real interest rate is determined by the difference
between the nominal interest rate and the expected inflation rate given information at

time ¢

re = ’L.t—’]Tg (26)

= 44— T+ e (27)

where e; is a stationary zero-mean innovation term, and (27) follows from (26) subject
to rational expectations. Assuming that the real interest rate is stationary, if i; and 7y
are I(1) variables, (27) implies that the nominal interest rate and the inflation rate are
cointegrated with cointegrating vector [ 1 B=-1 ] This relationship is also known
as the Fisher effect.

The validity of the Fisher effect has been studied extensively, with conflicting results.
Koustas and Serletis (1999) assess the relationship between interest and inflation rates
for a number of countries and find that the data generally reject the Fisher effect. Koop
et al. (2011), on the other hand, find evidence of a single cointegrating relationship
between UK interest and inflation rates. However, they find that the cointegrating vector
changes over time, with 3 typically less than -1. Neely and Rapach (2008) undertake a
comprehensive review of the relevant literature.

To evaluate the Fisher effect, we apply our model to US short term interest rates (yi1¢)
and annualised inflation rates (yo¢).” Monthly data are used spanning the period January
1948 to June 2012 (n = 774). We produce 50,000 draws from an adjusted version of the

sampler in Section 4, discarding the first 5000 draws. Since the data are not consistent

9We use the 3-Month Treasury Bill (secondary market rate). Data are from the Federal Reserve Bank
of St Louis’ FRED database (http://research.stlouisfed.org/fred2/).
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with the presence of a trend in the cointegrating equation, we follow Jochmann and Koop
(2011) in setting n; = [ 0 0 } We also set C' = 0 such that the intercept is given by
noo rather than cg, — ngay. We find that the adoption of an unrestricted C' produces
erratic estimates of the normalised cointegrating vector and therefore limit our discussion
to the restricted specification, which appears to better represent the properties of the
data. The diffuse priors adopted in the simulated example are also largely applied here.
We make a slight adjustment, however, to (14) and estimate 6,; = p5 (1 — p3)+p30ut—1+
v3¢ such that pj is the expected value of 6,;. Two priors are adopted for the intitial
state 0,0 being 0,0 ~ U (0,7) and 0,0 ~ N (%, 0.09) with the latter prior imposing the
belief that the initial state of 6, is consistent with the cointegrating relationship implied
by the Fisher effect. The results exhibit little sensitivity to the choice of prior for 6y,
therefore only the results pertaining to the informative initial prior are presented.'”

Table 1 provides the posterior estimates of the model parameters. The model prob-
abilities, pursuant to the steady state values of the transition matrix P, are provided
in Table 2. Figures 3 to 5 present, respectively, the time-varying regimes S, the para-
meters di¢, dot, 0, and k; used to construct II;, and the 3, parameter stemming from
the (normalised) cointegrating vector. We obtain an estimate of § from the normalised
cointegrating vector by settting 8 = — sin €,/ cos 0.

The regime parameters indicate a high level of stickiness in the rank condition, es-
pecially when » = 1 or » = 2. When r = 0 there is a relatively greater likelihood of
moving towards a cointegrating relationship with pjo = 0.1122. The first and second
regimes prevail for all ¢ with the exception of the beginning and towards the end of the
sample, where r = 2 prevails. Clearly, the model indicates that US interest and inflation
rates are cointegrated for the majority of the period under evaluation, with some periods
where the two rates behave as non-cointegrated I(1) processes or I(0) processes. In the

early 70s and early to mid 80s, and in 2008, the model suggests a rejection of the Fisher

10Several runs of the sampler were undertaken using significantly different initial conditions with little
change to the posterior estimates.
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effect’s implication that interest and inflation rates share a cointegrating relationship.
These results are similar to those observed by Neely and Rapach (2003), who find evi-
dence of instability in the real interest rate in the 1970s and early 1980s (see, also, Bai

and Perron, 2003).

Mean  Std Dev Mean Std Dev Mean Std Dev

pii 0.8609 0.0643 |o3  ({%)* O Bii 0.3905  0.1245
pra 01122 0.0621 | o4  0.0024 0.0010 | Biip 0.0784  0.2045
pi3 0.0269 0.0182 |75y  0.0070 0.1721 | Byay 0.0666  0.0574
por 0.0239 0.0151 | 7ng  -0.2990 2.3622 | Byias 0.2984  0.1071
pe2 0.9628 0.0163 | iy 02770 0.0616 | Boyp 0.1931  0.0531
pe3 0.0132 0.0073 | $y15 0.0285  0.0589 | Baiz 0.0688  0.0380
p31 0.0141 0.0101 | Sy90 1.0112 02141 | Bysy 0.1032  0.0626
ps2 0.0353 0.0192 | Sy 0.0648 0.0059 | Bagy 0.3453  0.0589
pss 0.9506 0.0219 | ¥p1o 0.0015 0.0029 | Bsyp 0.4430  0.0696
pi o 0.0092 0.0373 | Sgp 0.0435  0.0087 | Bsiz 0.0040  0.0091
ps 09982 0.0014 | X31; 04249 0.0658 | Bsa 0.2015  0.6820
o1 00101 0.0030 | D31 0.0088 0.0047 | Bsss -0.0302 0.1314

o2 0.0102 0.0028 Y300 0.0047  0.011
Table 1. Posterior parameter estimates: short term interest and inflation rates. Note

that X, ji, refers to the j, kth element of the regime dependent variance ¥; (i = 1,2, 3).

Conversely, B; ji, refers to the j, kth element of B;.

~ ~ ~

P (M) | P(My) | P(Ms)

Probability | 0.1322 | 0.6277 | 0.2401
Table 2. Model probabilities: short term interest and inflation rates

The third regime indicates stationarity and is dominant in the post WW2 period

and during the GFC crisis. Both these periods are associated with distinctly flat US
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short-term interest rates. US short-term interest rates varied little from 1948 to 1950,
whereas from 2009 to the end of the sample US short-term rates have been close to zero.
In terms of the latter, the US Federal Reserve has also cultivated expectations that
short-term rates will be close to zero for a potentially lengthy period of time (Bernanke,
2009).

One of the difficulties encountered in assessing the Fisher effect is the presence of
unknown breaks and shifts in the data that pose problems in both detecting cointegration
and estimating the value of 5. These issues are largely obviated by our model given its
allowance for transitions in the rank of II; that can depend on shifts in the data through
the regime-dependent terms. Although there are clear regime shifts in the data, our
approach provides support for the hypothesis of a cointegrating relationship between US
short-term interest rates and inflation, with a steady state probability for My of 62.8 per
cent. We note that the probability in favour of a single cointegrating relationship does
not imply that the Fisher effect holds.

The Fisher effect also asserts that the (normalised) cointegrating vector takes on the
values [ 1 B=-1 } . An oft-omitted implication of this assertion is that the the cointe-
grating vector is assumed to be time-invariant. The property of time-invariance does not
appear to hold with 6,,;, pursuant to which the cointegrating vector | cos,;, —sin6, I
is estimated, typically declining over time. Overall, 8,; has a persistence close to unity
(ps = 0.9982) and negligible drift (given pj = 0.0092) indicating that it essentially
behaves as a Martingale process.

Our results suggest that g typically does not equal -1. The posterior mean of 3 varies
from approximately -1 at the beginning of the sample to around -3 towards the end of
the sample. The 90 percent credible interval for 5 encompasses -1 approximately 30.1
percent of the time providing only limited support for the cointegrating relationship
implied by the Fisher effect. Interestingly, Koop et al. (2011) obtain a fairly similar

result for the UK, with the 90 per cent credible interval for 8 including -1 around 34
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percent of the time. Our results, coupled with those of Koop et al (2011), suggest that

in recent years the value of 3 is clearly below -1.1!
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Figure 3. Posterior means of si¢, So¢, and s3;.
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" Our 90 per cent credible interval is entirely below —1 during the period 1980 - 2012. Similarly, Koop

et al’s 90 per cent credible interval for UK data is entirely below -1 for almost the entire period 1980 -
2009.
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Figure 4. Estimated path of dy, dot, 0+ and k¢. The dotted and solid lines are

respectively the 95 percent credible intervals and posterior means of dy, do, 8¢ and ky.

Mar48 Mar58 Mar68 Mar78 Mar88 Mar98 Mar08

Figure 5. Estimated path of 3,. 5, is obtained from the normalised cointegrating vector,
B, = —sinfy;/ cosBy:. The dotted and solid lines are, respectively, the 90 percent credible

intervals and posterior mean of j3,.

5.2 Equity market data

We obtain FTSE 100 and S&P 100 index values at the weekly frequency over the period 6
October 1997 to 13 August 2012 (n = 775). Johansen’s test of cointegration on the index
values suggest that there is no cointegration, although the results are not conclusive. The
trace statistic implies the presence of a single cointegrating relationship at the .10 level.
The test, however, rejects r = 1 at the .05 level. In contrast, the eigen statistic for r = 0
is not rejected at the .10 level implying that the indices are I(1) but not cointegrated.
Overall, there is some uncertainty as to whether a cointegrating relationship is present.

We produce 20,000 draws from the sampler in Section 4, discarding the first 4000
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draws.!? Since the data provide little evidence regarding an intercept or time trend in
the cointegrating equation, we set ng = n; = [ 0 0 ] The model is estimated on the
index data divided by 100. Table 3 provides the posterior estimates of the parameters,
with model probabilities in Table 4. Figure 6 presents the time-varying regimes Sy, and
Figure 7 presents the parameters dy;, dot, 0y, Kkt used to construct II;.

The first regime Si¢, consistent with r = 0, typically prevails from 2001 to the end of
the sample. The second regime prevails consistently in the first three years suggesting
that the data exhibit a shift from a cointegrating relationship towards non-cointegrated
I(1) processes at about 2001. During the prevalence of Sy, the behaviour of 6, is
relatively tightly bound suggesting that the cointegrating relationship is fairly stable
albeit exhibiting very little persistence (p3 = 0.0327 and is not significantly different to
zero). Although 2001 coincides with the demise of the dot-com bubble, the timing of
the structural shift (being the week ending September 24, 2001) indicates that the shift
from a cointegrated I(1) relationship to a non-cointegrated I(1) relationship is associated
with the financial market’s reaction to the September 11 terrorist attack.

Following the attack, the behaviour of the indices is consistent with r = 0 save for
two periods in support of 7 = 1. The first period occurs about June and July 2002 and
is associated with the stockmarket crash of 2002. The second period occurs in 2008 and
reflects a general reaction to the beginning of the GFC and the collapse or bailout of
numerous financial institutions in the US. There is almost no evidence in favour of the
prevalence of the third regime Ss3;, which is consistent with » = 2, suggesting that the
hypothesis of stationarity is never supported. This is not particularly surprising and is
consistent with the notion of efficient markets producing individual weekly asset prices

that always behave as martingale processes.

12The diffuse priors adopted in the simulated example are also applied here. Two runs of the sam-
pler were undertaken using significantly different initial conditions with little change to the posterior
estimates.
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Mean  Std Mean Std Mean Std

pi1 0.9866 0.0065 | c11 0.0086  0.0053 | X302 697340 661360
pi2  0.0106 0.0059 | c1p0 -0.0010 0.0039 | Byi11 -0.0896 0.0775
p1z 0.0028 0.0020 | co1 0.7187 0.0832 | B2 -0.0047 0.0077
p21 0.0301 0.0156 | c22 0.7324  0.1597 | B121 0.3354  0.7994
p22 0.9626 0.0170 | c31 -0.0220 9.9651 | Bj22 -0.1451 0.0772
p23  0.0073 0.0053 | c32 0.0034 10.0120 | Ba11 -0.3267 0.0500
p31 0.2502 0.1664 | X111 0.0143  0.0009 | Boi12 0.0677  0.0062
p32  0.2493 0.1658 | X112 0.1177  0.0086 | Bao; -0.1144 0.5960
p33 0.5005 0.2239 | X100 1.3937  0.0979 | Boge -0.1916 0.0855
P 0.0327 0.0321 | X211 0.0005  0.0003 | B311 -0.0421 9.9667
o1 0.0159 0.0017 | X192 -0.0171 0.0131 | B3i2 0.1126  9.9987
o2 0.0553 0.0151 | ¥o92 2.0929 1.7203 | Bz21 0.0209 10.0104
o3 (1%)2 0 Y311 2648.9  2876.1 | Bzoo 0.0824  10.0021

o4 0.0152 0.0034 | X312 6647.8 15797
Table 3. Posterior parameter estimates: equity market data. Note that X; ;. refers to

the j, kth element of ¥; (i = 1,2,3). B; jj refers to the j, kth element of B;. c¢g;; refers

to the intercept for variable j (j = 1,2) in regime i (i = 1,2, 3).

~ ~ ~

P (M) | P(My) | P(Ms)

Probability | 0.7320 | 0.2601 | 0.0079
Table 4. Model probabilities: equity market data

As is evident from Figure 6, the regimes Si;, So; are highly persistent and this is
reflected in the transition estimates py1; = 0.9866 and poe = 0.9626. These estimates
suggest that the cointegrating rank does not change dramatically over short periods.
Consequently, the model produces infrequent changes in regime for the two indices.
Overall, our test of the support for My, Ms and M3 indicates a greater support for My,
with P (M;) = 0.7320, relative to My (P (Ms) = 0.2601), implying that the two indices

25



are typically not cointegrated. Although there is a non-negligible weight associated
with Ma, it is clear that the strict adoption of a model with a permanent cointegrating
equation for the two indices is not supported by the data. In this respect, given the
persistence of Si¢, the imposition of a permanent cointegrating relationship is likely to
produce erroneous estimates about the behaviour of the data for significant periods of

time.
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Figure 6. Posterior means of si¢, So¢, and s3;.
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Figure 7. Estimated path of di¢, dot, 0+ and k;. The dotted and solid lines are, respectively, the 95

percent credible intervals and posterior means of di¢, do¢, 0+ and k.

6 Conclusion

We develop a bivariate model that can alternate between states of cointegration and
non-cointegration, and between stationarity and non-stationarity. The model allows for
all three competing relationships identified by the rank of II; two variables may be I(1)
with a single cointegrating relationship, I(1) with no cointegrating relationship, or 1(0).
In addition, since the rank of II is allowed to vary over time, the model allows for data
that behave in a cointegrated manner in some periods and not in others. It also allows
for data that behave as stationary in some periods and non-stationary in others. As such,
the econometrician can avoid ex ante judgments regarding the presence of cointegration
or the timing of shifts in the rank of II, both of which are often unclear in practice.

We utilise the properties of our model to develop a straightforward test among the
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the three competing relationships. The test identifies the probabilities associated with
each relationship without requiring the estimation of marginal likelihoods.

The model is applied to assess the Fisher effect. The results indicate that the rank
of II changes over time for US interest rates and inflation rates. For the majority of
time periods, interest and inflation rates are cointegrated. There are periods, however,
when the two rates behave as non-cointegrated I(1) variables. Interestingly, during the
GFC crisis, our model suggests that interest rates and inflation rates are best modelled
as 1(0) variables. Over the entire course of the sample period, our model suggests that
the Fisher effect’s implication of a cointegrating vector { 1 —1 ] between interest and
inflation rates is generally not supported.

The model is also applied to FTSE 100 and S&P 100 index values and indicates a
shift from a long-term cointegrating relationship between the two indices prior to 2001,

to a non-cointegrating relationship post-2001.

Appendix: Sampling methodology

The Metropolis-in-Gibbs sampler used in the paper consists of the 12 steps detailed in

this Appendix. The following notation holds for each step.
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=1 ® |: S1+ S92t S3t :|

cosOy sinO,
U, =

—sinf,; cosO,
rp =1 ® [ 51:Ayt—1 s lyr—1 S$3tDyYp—1 ]

[ Yito1 You1 ] = Yr—1Us

6.1 Step 1: Draw St given gT,JT,guT,RT,g,E,n,and C

Draws of §T are based on the multi-move Gibbs Sampling algorithm of Carter and
Kohn (1994) (see, also: Chib, 1996; Kim and Nelson, 1998). The conditional posterior
probability for S; = 7, j € {1,2,3}, is

p(St = j‘gTv dt7 eutv Rty 9,1, Ca Ea St+1)
3

Zp(st = i‘§T7 dta eutu Rt, 4,1, 07 27 St+1)
i=1

Pr(St = j‘gta dt) eut) Rt, 4,1, Ca 27 St-‘rl) =

p(St@% dt7 Hub Kt, 4,1, Cv 27 St-‘rl) X p(St’gta dt7 0ut7 Kt, 39,1, C7 E)IJ(St—i-l’St)

where p(S;4+1]S;) is the transition probability and p(S¢|yy, di, Out, ki, g,m, C, X) is obtained

using Hamilton’s (1989) basic filter. s;; is set to 0 or 1 according to:

e s1; = 1 if a draw u from the U(0, 1) distribution is less than or equal to Pr(S; =

HgTa dt7 guhga 7, C7 27 g;ﬁt)

o s9 = 1 ifuis between Pr(Sy = 1|yp, di, Out, g, 7, C,E,gﬂ) and Pr(S; = 1|77, d¢, 0us, 9,1, C, 2, §#)
+PI‘(St = 2@T7dt79ut,97777 072737751‘,)-

o 53, = 1ifuis between Pr(S; = 1|37, dy, Out, 9,1, C, 2, St ) +Pr(Sy = 2|, dt, Out, 9,1, C, 2, S2t)
and 1.

29



Step 2: Draw p given §T

Draws of p are based on the approach proposed in Kim, Nelson and Startz (1998). Con-
ditional on §T, the transition parameters are independent of the remaining parameters.

Draws from the transition probabilities proceed as follows

e Draw p;; from
Pii| St ~ beta(ty; + Vi, Tii + Vi) i =1,2,3.
e Draw p;; from
@j’gT ~ beta(Tij + Vij, Tik + Vi) i #j#F kandi,j,k=1,2,3.
e Compute p;; and pii, ¢ # j # k, as
pij = Pij(1 = pii),

Pik = 1 — pii — pij-

Note that p,; = Pr(S; = j|Si—1 = ,S; # i), ¥;; is the total number of transitions
from S; 1 = ito Sy =74, (i,j = 1,2,3 and t = 2,3,....,T). ¥y, on the other hand,
is the total number of transitions from S;_1 = i to Sy # 4. 74,74, Tk, Tij are prior

hyperparameters.
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Step 3: Draw C’ilT given gT?‘gTadVQTa’éuTa%Tyg? 27777 C,M,p and o

Given JQT, k7 and the rest of the parameters, élvlT can be estimated pursuant to the

following linear, Gaussian state space model

(=m0 — 1y + yit—l) (1 — s1¢)(s2¢ + 83¢) ,
2= dit + €}

Kt (—7702 — tngy + y;,t—l) (1 — s1t)sst
di¢ = dig—1 +v1e

kit (=102 — tnge + y;,tfl) (1 — s1t)s3t

where z; = Ay, — 1,C — 29 — dos. Accord-

(o1 +t1o1 — 54 1) (1 — s1¢) (52t + s31)
ingly, the Kalman filter and smoother can be used to obtain the conditional density

of dyp. Draws are obtained pursuant to Carter and Kohn’s (1994) multi-move Gibbs

sampler.

Step 4: Draw (EIQT given @/T7§T7C’ZIT75UT7%T7Q7277]7 Calu’7p and o

The draws for JQT are obtained using the same approach as for c?lT. Given JlT, rr and

the rest of the parameters, the following state space model can be used to estimate JQT

. ke (—Nog —tna + Y54 1) (1 — s1¢) 53¢
= ( be-1) dot + €}

(101 + tm11 — yit—l) (1 — s1¢)(s2¢ + s3¢)
dot = dat—1 + V2t

(=101 — tnyy + ?Jf,t—1) (1 — s1¢)(s2¢ + 53¢)

where zy = Ay, — 1,C — 219 — dig.

Kt (—ngg — tne + y;,t—l) (1 — s1t)s3t

Step 5: Draw 5UT given yr, §T,EZVT,ET,g,E,n, C,u,p and o

Conditional on the latent variables, regimes and other parameters, 0,; can be represented

using the following non-linear, Gaussian state space form
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dyy
—dat ,
A?} = ((ytflUtI(St)) I(St) ®.[2) +6t
Kidoy
L Kidyg i
Out = 15 + p3Oui—1 + vt
dyy
, —day )
where Ary = Ayy — 1,C 4+ (ngL(St) ® I + tn I(S:) @ Iz) —xg. Pitt and Shep-
Kdoy
| Fudy |

hard’s (1999) auxiliary particle filter is used to produce draws of guT.

6.2 Step 6: Draw k7 given §T,§T,5uT,JT,g,n, C,%,, u,pand o

Conditional on the other parameters, K can be represented using the following state
space form

(=02 = t112 + Y5, 1) (1 — s14) 8302 ,
Kt + €4

)
Il

(=702 — tnia + yit—l) (1 — s1¢)s3¢d1s

Kt = Ki—1 + V4t

(=101 — tnyy + yit—l) (1 — s1¢)(s2¢ + s3¢)d1s

where z; = Ay; — 1,C — 249 — . Given

— (=no1 =t + Yt 4—1) (1 — s16) (526 + 53¢)day
the restriction s € [0, 1], the error term vy must be truncated ensure x; always lies in

the restricted space. The resulting model can be regarded as a nonlinear state space
model. As such, we use the auxiliary particle filter (Pitt and Shephard, 1999) to draw

K. The method proposed in Chan, Koop and Potter (2013) may also be used.
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Step 7: Draw o given JT,%T,u and p

Conditional on EZVT, it can be shown that the conditional posterior densities of o1 and o9

are inverse gamima

T
O-i|JiT ~ IG (0.5 (191 + T) , 0.5 (191]2 + Z(dzt — dit1)2>> , t=1,2.
2

Due to the restriction on k;’s error term wy:, the conditional posterior density of
o4 does not follow a standard distribution. Accordingly, the independent Metropolis-
Hastings algorithm is used to draw o4. To implement the algorithm, we adopt the

following inverse gamma proposal density
o4 ~ IG (1)4, k&4)

where k = 1.5, v4 = 2 and 04 is a variance estimate obtained by OLS regression of k; on
its lag ky—1.
Step 8: Draw pu, p given CZT, JQT,EM and o

Since cov (vit, vje) = 0 for i # j, the draws p, p for each of the élvlT, EZVQT, and guT can be
obtained separately. Draws of ps, p5 are obtained as follows, with draws for (u,, p;) and

(149, po) being obtained in an analogous manner.
!/ /
Given 0,7, set X* = I: 1p1 [ 0u1 ... Byur—1 :| ] and y* = I: Ous ... Our ] .
!/
The prior for (ug, p3)" is normal with mean n= [&, @} and variance H = diag (0“3, O'ps).

The conditional posterior density of (i3, p3)" is given by

(s, p3) |0ur, 03 ~ MV N (1, H) I(ps)

where H = (a;lX*’X* + ﬂfl)_l andp=H (H 'p+ ang*’y*). I(p3) is an indicator
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variable taking on the value unity iff |ps| < 1.

Step 9: Draw ¢ given iy, g;p,(?T,%T,%T,n, C and X

Conditional on the remaining parameters, the mean and variance of g can be obtained

from the following linear, Gaussian SUR, equation
Ay; = 219 + &4 (28)

where Ayf = Ay, — uC — o'y, + ajnf + ajnt. Given the adoption of a multivariate

normal prior for g, the conditional posterior density of g is also multivariate normal
gleuT7 i/vTa dTa ST7 7, Ca X~ MVN(?? ig)

with By = (X, (S @ Ir) X, +59) L 5=5, (5, g + X,(E @ Ir)AY*), Xy = L ®

Ayt !
AY_y .. DY, |, AY* = s  BYE = Ayl e Dypp | and AY =
Ya
!
Ayi—j . Ayir—j
Aya i ... Ayar_j

Step 10: Draw C given gT,§T,JT,'§uT,%T,n,g and X

The conditional mean and variance of C can be obtained from
Ay = uC + ¢ (29)

where Ay = Ay, — a8y, — mig + o4npy + ajnt. As per (28), (29) takes the linear,

Gaussian SUR form. Given a multivariate normal prior, the conditional posterior density
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of C is also multivariate normal

C|EUTa gTa gT? §Ta 7,9, X~ MVN(ElaiC)

_ _ _ ~ X
with T, = (X571 @ I) X, + 5.) ', e = 5 <zglg XD e IT)AY*), X.=| "
XQC
v * Ag?{ P~ , / .
AY* = A/\k s Ayl = Ag//\;k,l A@\:T :| 7Xic = |: L’Ii,t L;,T :| fOI' 1 € {1,2},
Ya
and ¢;; is the i-th row of ¢;.
Step 11: Draw 7 given gT,gT,JT,guT,ET,g,C and X
The conditional mean and variance of 7 can be obtained from
Ny = xin +¢e, (30)

where Ay = Ay, —uC — o)y, —xrg and zf = { —af —ta, } . (30) takes the linear,
Gaussian SUR form. Given that the prior for n is multivariate normal, its conditional

posterior is also multivariate normal

n’guT7 gT7 JTa §T7 9, Y~ MVN(ﬁ/7§77)

with 3, = (Xp(S7 @ In)X, + %) 7, 7 = 5 (S + X (ST @ )AYY), X, =
Xln AA* A@’f YA T Tk Tk , */ */ ,
; Y* = . ) Y, = Ayi,l Ayi,T ) Xi'r] = xi,t .’,1?,in
X217 Ay2
for i € {1,2}, and 7, is the i-th row of z7.
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Step 12: Draw X given yr, §T,JT,5uT,%T,g,n and C
Given the adoption of an inverse Wishart prior for ¥;, ¢ = 1,2,3 such that g, =
Y181t + Yo Sot + X383¢, the conditional posterior of ¥; is also inverse Wishart with

Sil0u, Jr, dr, ST3 9,1, C ~ IW (1; 4+ T3, D; + Aj)

where A; = Y si (gler), &0 = Ayp — uC + ajnfy + a4nit — 4By, — rrg and T; is the
Vi

number of times regime ¢ prevails over t =1 to T'.
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